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We develop a relativistic multifluid dynamics appropriate for describing neutron star cores at
finite temperatures based on Carter’s convective variational procedure. The model includes seven
fluids, accounting for both normal and superfluid/superconducting neutrons and protons, leptons
(electrons and muons) and entropy. The formulation is compared to the non-variational relativistic
multifluid hydrodynamics of Gusakov and collaborators and shown to be equivalent. Vortex lines
and flux tubes, mutual friction, vortex pinning, heat conduction and viscosity are incorporated
into the model in steps after the basic hydrodynamics is described. The multifluid system is then
considered at the mesoscopic scale where the currents around individual vortex lines and flux tubes
are important, and this mesoscopic theory is averaged to determine the detailed vortex line/flux tube
contributions to the macroscopic “effective” theory. This matching procedure is largely successful,
though obtaining full agreement between the averaged mesoscopic and macroscopic effective theory
requires discarding subdominant terms. The matching procedure allow us to show that the magnetic
H-field inside a neutron star differs from that given in previous astrophysical works, but is in
agreement with condensed matter physics literature.
I. INTRODUCTION
Neutron stars are fundamentally relativistic objects,
so it is necessary to have a relativistic hydrodynamic for-
malism to accurately model their internal dynamics. As
it is believed that neutron star cores can consist of both
superfluid neutrons and superconducting protons [1–6],
this formalism needs to incorporate multiple separately-
moving fluids. An ideal formalism will also incorporate
effects such as superfluid–normal fluid phase transitions,
superfluid neutron vortex lines, type-II superconducting
proton flux tubes and dissipation. Vortex lines/flux tubes
can affect the fluid dynamics through mutual friction due
to scattering between vortex lines and normal fluid parti-
cles, most importantly leptons, and pinning between neu-
tron and proton vortex lines. These effects may be im-
portant in determining the oscillation modes of neutron
stars that could be excited during binary inspiral [7, 8],
and in explaining pulsar glitches [9–12].
In this paper we develop a fully general relativistic
formulation of finite temperature, multifluid hydrody-
namics appropriate for neutron star cores. We con-
sider a core consisting of four particle species: neutrons,
protons, electrons and muons. The neutrons and pro-
tons exist in both superfluid/superconducting and nor-
mal phases, whose relative motions are dynamically con-
nected through superfluid entrainment. Our approach
has a few advantages compared to previous formula-
tions of relativistic multifluid dynamics applied to neu-
tron stars. We follow the convective variational approach
originated by Taub [13] and later elaborated by Carter
and collaborators [14–17], making only limited assump-
tions about the dependence of the master function (La-
grangian) on Lorentz-invariant combinations of vectors
and tensors. We thus retains the full symmetry of the
variational procedure while being connected, through
strategic rearrangement of terms, to relativistic formu-
lations of the Landau [18] (see also [19]) and Khalat-
nikov [20] superfluid hydrodynamics based on Son’s [21]
hybrid multifluid hydrodynamics, most notably that of
Gusakov and collaborators [22–24]. This formulation has
been applied in numerous publications e.g. [25, 26]. We
improve on the most similar existing works on the sub-
ject which use Carter-style variational procedures, by An-
dersson et al. [27] and Glampedakis et al. [28], through
the inclusion of finite temperature effects, relativity and
quantized vortex lines/flux tubes, one or more of which is
absent from each of the two references. We carefully treat
how flux tubes and magnetized vortex lines change the
electromagnetic fields and the Maxwell equations, find-
ing that both are modified compared to their forms de-
termined in previous works [17, 24, 28–30] on relativistic
and nonrelativistic superfluid-superconducting neutron
star MHD. We also account for causal heat conduction,
not assuming thermal excitations move with entropy as
does [27]. A final distinction between ours and previous
versions of relativistic multifluid hydrodynamics is an ex-
plicit separation between the normal and superfluid de-
grees of freedom as separate current densities. We find
this separation more physically intuitive than the Son
hybrid multifluid hydrodynamics formulation.
In the first two sections, we describe the master func-
tion and the variational procedure used to determine the
stress-energy tensor and equations of motion for the rela-
tivistic, finite temperature multifluid system, making as
few assumptions about the dynamics as possible. We
then connect our dynamics to those of Gusakov [22] and
collaborators, showing that the two formulations are sim-
ilar, though ours is derivable from a variational principle.
Forces between the fluids and vortex lines/flux tubes in
the form of mutual friction and vortex pinning, viscos-
ity, and conduction are then added, using the second
law of thermodynamics to determine their form follow-
ing Carter [15]. We conclude by determining the form of
2the electromagnetic auxiliary field and vortex self-tension
tensors, which are conjugate to the electromagnetic field
tensor Fµν and vorticity tensors respectively, by consid-
ering a simplified model of the multifluid hydrodynamics
at the “mesoscopic” scale where currents around individ-
ual vortex lines and flux tubes are considered. The meso-
scopic theory is then averaged to determine an effective
macroscopic theory, with most of the details of this proce-
dure relegated to an appendix. We are successfully able
to average the mesoscopic theory, but only find an ap-
proximate match to the effective macroscopic theory. We
conclude by using the results of the averaged mesoscopic-
to-macroscopic matching procedure to resolve some dis-
agreements about the interpretation of the magnetic H-
field in a rotating superfluid–superconducting neutron
star and also clarify the form of the Maxwell equations
and Lorentz force acting on the charged fluids in neutron
star MHD. An alternate form of the relativistic stress-
energy tensor is included in an appendix. c = G = 1
units and the (−,+,+,+) metric convention are used
throughout.
II. CONVECTIVE VARIATIONAL
PROCEDURE
Starting with a Lagrangian density describing the fi-
nite temperature multifluid in a neutron star core, we
employ the convective variational procedure [14–17] to
compute the relevant equations of motion. There has
been recent interest in this formulation [31, 32] for appli-
cation to problems involving neutron star asteroseismol-
ogy, pulsar glitches and gravitational waves from binary
neutron stars. Compared to other fluid variational meth-
ods [13, 33], with the convective variational procedure we
can transparently include additional forces between the
fluids that are not obviously incorporated directly via a
variational method. An additional advantage which we
exploit is the ability to include viscosity using a convec-
tive variational-type method.
In the first subsection, we describe our Lagrangian
density and define the dynamical variables, adding in
steps the fluid number currents, electromagnetism and
vorticity. In the second subsection we introduce the La-
grangian displacement fields employed in the convective
variational procedure and derive the equations of motion.
A. Lagrangian and its variation
Consider a multifluid neutron star core consisting of
neutrons (n), protons (p), electrons (e), muons (m) and
entropy (s). The neutrons and protons will have both
superfluid/superconducting and normal fluid excitation
components, with the former being distinguished us-
ing an overline (n, p). There exists a four-current nµx,
x ∈ {n, p, e,m, n, p, s}, for each species/quantity. x = s
is the entropy four-current sµ, which will later be related
to the four-currents of the entropy-carrying normal fluids.
In principal each normal fluid could have its own corre-
sponding entropy current, but as we will later constrict
the normal fluids to move together, we introduce only
a single entropy current here. The following Lorentz-
invariant scalars can be constructed by contracting the
four-currents:
n2x = − nµxnxµ, α2xy = −nµxnyµ = α2yx, (1)
where y ∈ {n, p, e,m, n, p, s} 6= x. α2xy is equivalent to
the product of the Lorentz factor for the relative motion
between fluids x and y and the two number densities nx
and ny as measured in the respective fluids’ rest frames,
as will be clear from the definition of nµx given in Eq. (57).
αxy with y 6= s will be responsible for superfluid entrain-
ment, while the αxs are “entropy entrainment” terms rep-
resenting heat convection by the particle currents. The
αxs will later allow for heat conduction independent of
the particle currents. There will be 10 nonzero αxy (αnp,
αnn, αnp, αpn, αpp, αnp, αsn, αsp, αse, αsm). The super-
fluids do not carry entropy, so αsn = αsp = 0. The ex-
clusion of entropy entrainment results in instabilities and
causality violation [34, 35], and we discuss the effects of
heat conduction on the entropy current in Section IVA.
The Lagrangian density will be a function of dynamical
variables nµx, the electromagnetic field tensor Aµ, and
vorticity tensors wxµν associated with the vortex line/flux
tube arrays for each superfluid species. We can split the
Lagrangian density into a master function Λ, interaction
terms and spacetime curvature terms. Λ includes the
thermodynamic internal energy density of the fluid, the
electromagnetic field energy and the vortex line/flux tube
energy, and is a function of Lorentz invariant scalars. To
begin, we consider only the dependence of this master
function on the number currents and the metric:
Λ = Λ(n2x, α
2
xy, gµν), (2)
where all x and distinct combinations of x and y are
implicitly included. Varying this Λ gives
δΛ =
∂Λ
∂n2x
δn2x +
∂Λ
∂α2xy
δα2xy +
∂Λ
∂gµν
δgµν . (3)
The variations with respect to the four-currents can
be rewritten in terms of the number and entropy four-
currents using
∂Λ
∂n2x
δn2x =
(
−2 ∂Λ
∂n2x
nxµ
)
δnµx, (4)
∂Λ
∂α2xy
δα2xy =
(
− ∂Λ
∂α2xy
nxµ
)
δnµy +
(
− ∂Λ
∂α2xy
nyµ
)
δnµx,
(5)
where we adopt the convention of [14, 27, 36], among
others, in defining
Bx ≡ −2 ∂Λ
∂n2x
, Axy = Ayx ≡ − ∂Λ
∂α2xy
. (6)
3There will be 7 Bx, one for each current particle current
plus the entropy current, and 10 nonzeroAxy correspond-
ing to each nonzero αxy. Using Eq. (6) and noting which
Axy are zero, we can define the conjugate dynamical mo-
menta or generalized chemical potential four-vectors
µxµ = Bxnxµ +
∑
y 6=x
Axynyµ +Asxsµ, (7)
where x, y ∈ {n, p, e,m, n, p}, and a conjugate “thermal
momentum”
Θµ = µ
s
µ = Bssµ +
∑
x
Asxnxµ, (8)
where x ∈ {n, p, e,m}. To determine ∂Λ/∂gµν =
∂Λ/∂gνµ, following Carter [15], the variations in Eq. (3)
are specified by their Lie derivative £ξ with respect to
a single infinitesimal displacement field ξρ which acts on
the background manifold. This displacement field is not
the same as the displacement fields which specify the mo-
tion of the individual fluids and which are introduced in
Section II B. For the purposes of determining ∂Λ/∂gµν,
we use
δΛ = £ξΛ = ξ
ρ∇ρΛ, (9a)
δnµx = £ξn
µ
x = ξ
ρ∇ρnµx − nρx∇ρξµ, (9b)
δgµν = £ξgµν = ∇µξν +∇νξµ = 2∇(µξν), (9c)
which, inserted into Eq. (3), give the following relation(∑
x
µxν∇µnνx−∇µΛ
)
ξµ
=
(∑
x
µµxn
ν
x − 2
∂Λ
∂gµν
)
∇µξν . (10)
Since this must be true for arbitrary ξµ and ∇µξν , both
sides of this must be zero independently, giving
∇µΛ =
∑
x
µxν∇µnνx, (11)
∂Λ
∂gµν
=
1
2
∑
x
µµxn
ν
x. (12)
Inserting the second of these into Eq. (3) and using the
definitions of the conjugate momenta, δΛ becomes
δΛ =
∑
x
µxµδn
µ
x +
1
2
∑
x
nµxµ
ν
xδgµν . (13)
As written, the extremization of the action with respect
to each current density would require the conjugate mo-
mentum to be zero. This is of course too restrictive, and
the correct variation of the current densities in terms
of Lagrangian displacement fields is introduced in Sec-
tion II B.
To include electromagnetism, we allow the master
function to depend on the electromagnetic field tensor
Fµν = 2∇[µAν] through a contraction with another an-
tisymmetric rank-two tensor. The electromagnetic four-
potential Aµ is minimally coupled to the total charge
current
LEM coup. = jµeAµ, (14)
where the charge current is
jµe = e(n
µ
p + n
µ
p − nµe − nµm). (15)
The variation of the action thus contains additional terms
δ(ΛEM + LEM coup.) = − 1
8π
KµνδFµν + jµe δAµ +Aµδjµe
(16)
where we have defined the (antisymmetric) electromag-
netic auxiliary tensor
Kµν = −8π ∂Λ
∂Fµν
∣∣∣∣
nµx ,wxµν
. (17)
This tensor has been defined as the electromagnetic dis-
placement tensor Hµν in previous works [17], but for rea-
sons explained in Section V, we reserve this notation and
nomenclature for a different quantity. We have explicitly
denoted that all number currents nµx and vorticity tensors
wxµν are held fixed during this variation.
In a rotating superfluid-superconducting neutron star,
there will be quantized neutron vortex lines. If the pro-
ton superconductivity is type-II in some or all regions of
the core, there will also be quantized flux tubes in those
regions. These are incorporated into the variational for-
malism by adding terms coupling the superfluid currents
to the vorticity and allowing Λ to depend on the vortic-
ity tensors wxµν , x ∈ {n, p}. This method was developed
in [16, 17, 37], though we take a somewhat different ap-
proach.
We first rewrite the vorticity tensor in terms of a lattice
field X xµ
wxµν = 2∇[µX xν]. (18)
X xµ will be dynamically identified with the canonical mo-
mentum four-vector πxµ. w
x
µν can also be expressed in
terms of two lattice scalars χax, a ∈ {1, 2}
wxµν = 2∇[µχ1x∇ν]χ2x. (19)
The gradients of χax define a plane that is locally orthogo-
nal to the vortex lines. We choose for a current-vorticity
coupling
Lv coup. = −
∑
x
nµxX xµ . (20)
The variation of the action will thus contain the addi-
tional vorticity terms
δ(Λv+Lv coup.) =−
∑
x
[
1
2
λµνx δw
x
µν+X xµ δnµx + nµxδX xµ
]
,
(21)
4where we have defined the vortex line self-tension [17]
tensor
λµνx ≡ −2
∂Λ
∂wxµν
∣∣∣∣
nµx ,Fµν
. (22)
The generalization of Eq. (10) to incorporate electro-
magnetism and vorticity modifies Eq. (11)–(12) into
∇µΛ =
∑
x
µxν∇µnνx −
1
8π
Kρν∇µFρν
− 1
2
∑
x
λρνx ∇µwxρν , (23)
∂Λ
∂gµν
=
1
2
(∑
x
µµxn
ν
x +
1
4π
KµρF νρ +
∑
x
λµρx w
ν
xρ
)
.
(24)
This was found using as the variation for rank two tensors
Yµν = Fµν , wxµν
δYµν = £ξYµν = ξρ∇ρYµν +Yµρ∇νξρ+Yρν∇µξρ. (25)
The minimal coupling terms between the currents and
both electromagnetic field and vorticity are not part of
Λ and hence do not contribute to Eq. (23–24).
We incorporate general relativity by including the
Einstein–Hilbert term in the action, which corresponds
to adding the following term to the Lagrangian
LEH = 1
16π
R, (26)
for Ricci scalar R, which adds the expected additional
terms to the variation of the action
δLEH = − 1
16π
(
Rµν − 1
2
Rgµν
)
δgµν , (27)
where Rµν is the Ricci tensor. To account for the Jaco-
bian in the action
S =
∫
d4x
√−gΛ, (28)
for metric determinant g, we add a term 12Λg
µνδgµν to
the variation of L. We thus end up with
δL = δΛ + δLv coup. + δLEM coup. + δLEH + 1
2
Λgµνδgµν ,
(29)
where Λ includes ΛEM and Λv.
B. Deriving the equations of motion
We review the convective variational procedure
of Carter [14], which is further developed and expounded
in later papers [15, 17, 36]. The main result of interest is
the variation of the number four-current nµx , given by
δnµx = ξ
σ
x∇σnµx−nσx∇σξµx+nµx∇σξσx−
1
2
nµxg
σρδgσρ, (30)
where ξµx is the Lagrangian infinitesimal displacement
field specifying the variation of the four-current of species
x. This expression differs from the Lie derivative of nµx by
the inclusion of the effects of gravitational perturbations.
We use the sign convention of Carter and Langlois [17],
which differs by ξµ → −ξµ compared to the expected
nonrelativistic limit and other references such as Anders-
son and Comer [36]. This is derived by first starting with
a dual to the number current (omitting species labels)
∗nµνσ = εµνσρn
ρ (31)
where εµνσρ is the Levi-Civita tensor. This three-form
can be specified by the derivatives of three scalars N1,
N2, N3, which label the coordinates of a particular fluid
element in “matter space” and which are the same for all
time. These coordinates can be pushed forward to give
the coordinates of the fluid element at any time slice. So
∗nµνσ can be written as
∗nµνσ = −f(N1, N2, N3)123∇µN1∇νN2∇σN3, (32)
where f(N1, N2, N3)123 is antisymmetric in the scalar
indices 1, 2, 3. The variations of the scalars can be ex-
pressed in terms of an infinitesimal displacement field
δNa = ξρ∇ρNa, (33)
and so Eq. (30) can be found by taking the variation of
Eq. (32) and using Eq. (31) and
δεµνσρ =
1
2
εµνσρg
ληδgλη. (34)
Note that the form of ∗nµνσ as given by Eq. (32) is closed
∇[λ(∗nµνσ]) = 0, (35)
which automatically means that nµ is conserved through
Eq. (31). We thus assume separate conservation of each
current ∇µnµx = 0 in the rest of this paper for those
currents where the variation Eq. (30) is used. Implicit in
this is the assumption that the rate of interconversion be-
tween particle species is much slower than the dynamical
timescales of interest, which is certainly true for weak in-
teractions in cold neutron stars, but not necessarily true
for the formation or breaking of Cooper pairs of neutron
or protons.
The vorticity tensor wxµν can be specified in a similar
way to the dual number current ∗nµνσ, except now only
with two lattice scalars χ1x and χ
2
x. The variation for
these scalars is simply their Lie derivative with respect
to ξµx :
δχax = ξ
µ
x∇µχax, a ∈ {1, 2}, (36)
where ξµx are Lagrangian displacement fields describing
the spacetime motion of the vortex line/flux tube array
associated with the superfluid of species x. The vortex
line/flux tube arrays do not in general move along with
the relevant superfluid species. We have assumed here
5that the same infinitesimal displacement field describes
the variations of both χ1x and χ
2
x. Since it is these lattice
scalars that are the freely-varying quantities relating to
the vorticity [37], we must write the variations of the
vorticity tensor and lattice field in terms of δχax and hence
ξµx . Eq. (36) gives the variation of the vorticity tensor to
be
δwxµν = −2∇[µ(wxν]ρξρx). (37)
However, the perturbation of Eq. (18) gives
δwxµν = 2∇[µδX xν], (38)
so by comparison to Eq. (37) we have
δX xµ = −wxµνξνx +∇µφx (39)
for a scalar φx. If we postulate the form X xµ = χ1x∇µχ2x
based on Eq. (37–38), then we find φx = ξ
ν
xX xν . Note
that X xµ itself is not determined uniquely, but only up to
a physical unimportant gradient of a scalar which we set
to zero here.
Combining these Lagrangian variations plus δFµν =
2∇[µδAν] and inserting into Eq. (29), we obtain
δL =
∑
x 6=x
πxµδn
µ
x +
(
jµe −
1
4π
∇νKµν
)
δAµ
−
∑
x
[
1
2
λµνx δw
x
µν + (X xµ − πxµ)δnµx + nµxδX xµ
]
+
1
2
[∑
x
nµxµ
x
σg
σν +
1
4π
KµρF νρ +
∑
x
λµρx w
ν
xρ
− 1
8π
Rµν +
(
Λ +
1
16π
R
)
gµν
]
δgµν (40)
where we have defined the gauge-dependent canonical
momentum covectors
πxµ ≡ µxµ + qxAµ (41)
where qp = qp = e, qe = qm = −e, qn = qn = qs = 0
. For the normal fluids, we use Eq. (30) to constrain
the current variations, implying that the first term in
Eq. (40) becomes
πxµξ
σ
x∇σnµx − πxµnσx∇σξµx + πxµnµx∇σξσx −
1
2
πxµn
µ
xg
σρδgσρ
= 2ξµxn
σ
x∇[σπxµ] + ξµxπxµ∇σnσx −
1
2
πxµn
µ
xg
σρδgσρ (42)
where we integrated by parts and dropped total deriva-
tive terms. Use of Eq. (30) is unnecessary for the super-
fluid components, since the variation of the superfluid
number currents is already constrained. However, this
means we must enforce conservation of the separate su-
perfluid current densities in a different manner. A simple
way to do this is by adding a Schutz-type [33] term for
each superfluid to the Lagrangian:
LS = −
∑
x
nµx∇µϕx, (43)
where φx is a scalar phase. Taking the variation of this
and setting the coefficient of δϕx equal to zero gives, after
an integration by parts, ∇µnµx = 0. The variation with
respect to nµx adds the additional term
−
∑
x
δnµx∇µϕx (44)
to Eq. (40). Setting the coefficient of δnµx equal to zero
now gives
πxµ = ∇µϕx + X xµ (45)
which correctly gives us as the vorticity tensor the covari-
ant curl of the canonical momentum covector. ∇µϕx will
not contribute to the vorticity, and can thus safely be set
to zero. Microscopically, πxµ is the gradient of a poten-
tial for superfluid neutrons and the gradient of a poten-
tial plus eAµ for superconducting protons. This equa-
tion represents a macroscopic average. Using Eq. (37)
and (39), the third and fifth terms in Eq. (40) become
−1
2
λµνx δw
x
µν − nµxδX xµ
= λµνx ∇[µ(wν]ρξρx) + nµxwxµνξνx − nµx∇µ(ξνxX xµ )
= ξµx
[
wxρµ(n
ρ
x +∇νλρνx ) + πxµ∇νnνx
]
, (46)
where we integrated by parts, dropping total derivative
terms, and used Eq. (45) in the last line.
Returning to Eq. (40), δL/δAµ = 0 gives the sourced
Maxwell equations in a continuous medium
∇νKµν = 4πjµe , (47)
which also guarantees charge conservation ∇µjµe = 0 due
to the asymmetry of Kµν . Both Fµν and wxµν are closed
∇[λFµν] = 0, ∇[λwxµν] = 0, (48)
this being the source-free Maxwell equations for the for-
mer. The remainder of Eq. (40) becomes, using Eqs. (42–
46)
δL =
∑
x 6=x
ξµx
(
2nνx∇[νπxµ] + πxµ∇νnνx
)
+
∑
x
ξµx
[
wxρµ (n
ρ
x +∇νλρνx ) + πxµ∇νnνx
]
+
1
2
[∑
x
nµxµ
x
ρg
ρν +
1
4π
KµρF νρ +
∑
x
λµρx w
ν
xρ
+Ψgµν − 1
8π
(
Rµν − 1
2
Rgµν
)]
δgµν
=
∑
x
ξµxf
x
µ +
1
2
(
T µν − 1
8π
(
Rµν − 1
2
Rgµν
))
δgµν ,
(49)
6where fxµ is the generalized force (density) acting on fluid
x, the generalized pressure Ψ is defined as
Ψ = Λ−
∑
x
µxρn
ρ
x, (50)
and the stress-energy tensor is
T µν =
∑
x
nµxµ
x
ν+
1
4π
KµρF νρ+
∑
x
λµρx w
ν
xρ+Ψg
µν . (51)
T µν , of course, satisfies the Einstein field equations
Rµν − 1
2
Rgµν = 8πTµν . (52)
This stress-energy tensor does not appear to be explicitly
symmetric. We will discuss in Section V why it is sym-
metric regardless by a comparison between this “macro-
scopic” stress-energy tensor and an average “mesoscopic”
stress-energy tensor which accounts for small-scale mo-
tion around vortex lines and flux tubes. Using the forms
of the four currents and conjugate four-momenta intro-
duced in Section III, T µν is expanded in Appendix A in
a more explictly symmetric form which is compared to
the stress-energy tensor for a single perfect fluid.
The identification of the generalized forces in Eq. (49)
gives the equations of motion for the normal fluids and
vortex line/flux tube arrays associated to each superfluid
fxµ = 2n
ν
x∇[νπxµ] + πxµ∇νnνx, (53)
fxµ = w
x
ρµ (n
ρ
x +∇νλρνx ) + πxµ∇νnνx. (54)
Note that, because the variational procedure assumes
conserved currents (or imposes it via Lagrange multipli-
ers for the superfluids), that the final terms on the right-
hand side of both of these equations is zero. We will,
however, allow for non-conservation of the entropy cur-
rent x = s, which allows us to discuss entropy generation
in Section IV. In Section IVB, we relate the equation of
motion of the vortex line/flux tube arrays to those of the
associated superfluid. If there are no forces between the
constituents other than those mediated by the electro-
magnetic field, then the fxµ must each individually equal
zero.
Finally, summing Eqs. (53–54) for each fluid and us-
ing Eq. (23,48,50,51), we can show that the stress-energy
tensor is conserved up to external forces acting on the
fluids:
∇νT νµ =
∑
x
fxµ . (55)
The right-hand side of this equation should equal zero
if energy and momentum are conserved in this system,
so in that case the fxµ must sum to zero. This can be
accomplished if they are all zero individually, or if they
cancel each other, which corresponds to forces which act
between the fluid constituents. We can also add forces to
the right-hand side here as long as they act on multiple
fluid constituents and hence mutually cancel. This will
allow us to insert forces that we are unable to derive from
a variational principle.
III. RELATION TO PHYSICAL PARAMETERS
Our discussion so far has focused on a somewhat ab-
stract variational principle and the resulting equations
of motion and stress-energy tensor. To proceed, we need
to relate the variables in the previous section to physical
quantities. First, we introduce the four-velocities of the
fluids. Because of short collisional coupling times [38–
40], it is expected that all four normal fluid components
x = n, p, e,m will comove and have common four-velocity
uµ, normalized in the standard manner uµuµ = −1.
Their currents are defined as
nµx = nxu
µ, x ∈ {n, p, e,m}, (56)
where nx is the number density of species x defined in
the normal fluid rest frame.
The superfluids do not have to comove with the normal
fluid, and we specify their four-currents by
nµx = nxu
µ
n = nxγ(v
2
x)(u
µ + vµx ), x ∈ {n, p}, (57)
where vµx is a spacelike relative four-velocity between the
normal fluid and the superfluid x. nx is the number den-
sity of species x in its own rest frame, equal to twice the
density of Cooper pairs. We will use a subscript ∗ to indi-
cate a quantity measured in the normal fluid rest frame,
so the superfluid density in this frame is
n∗x ≡ nxγ(v2x) = −uµnxµ, γ(v2x) = (1− v2x)−1/2, (58)
where v2x = v
µ
xv
x
µ and v
x
µu
µ = 0. The uµx are defined in
this way so that they are normalized in the same way as
the normal fluid four-velocity. Strong electrostatic cou-
pling between the normal fluid leptons and the super-
conducting protons means that the latter will also likely
move collisionlessly with the normal fluid, but for now
we permit the superconducting protons to move inde-
pendently of the normal fluid.
Like the superfluids, the entropy current can move in-
dependently of the normal fluids, and is specified by
sµ = sγ(w2)(uµ + wµ) = s∗(uµ + wµ), (59)
where uµwµ = 0, γ(w
2) = (1−w2)−1/2 and w2 = wµwµ.
We suggestively relabel wµ as
qµ = s∗T ∗wµ, (60)
since this is a heat flux four-vector. Here s∗ and T ∗ are
the entropy density and temperature measured in the
normal fluid rest frame, while s is the entropy density in
the comoving frame.
Using Eqs. (56,57,59,60) in Eqs. (7–8), the conjugate
7momentum covectors can be rewritten as
µnµ = µnuµ +Annn∗nvnµ +Anpn∗pvpµ +
Asn
T ∗
qµ, (61a)
µpµ = µpuµ +Apnn∗nvnµ +Appn∗pvpµ +
Asp
T ∗
qµ, (61b)
µnµ = µ
∗
nuµ + Bnn∗nvnµ +Anpn∗pvpµ, (61c)
µpµ = µ
∗
puµ + Bpn∗pvpµ +Anpn∗nvnµ , (61d)
µeµ = µeuµ +
Ase
T ∗
qµ, (61e)
µmµ = µmuµ +
Asm
T ∗
qµ, (61f)
Θµ = T
∗uµ +
Bs
T ∗
qµ, (61g)
where we have defined the following chemical poten-
tials/temperature measured in the normal fluid rest
frame
µn ≡ Bnnn +Anpnp +Annn∗n +Anpn∗p +Asns∗,
(62a)
µp ≡ Bpnp +Anpnn +Apnn∗n +Anpn∗p +Asps∗, (62b)
µ∗n ≡ Bnn∗n +Annnn +Apnnp +Anpn∗p, (62c)
µ∗p ≡ Bpn∗p +Anpnn +Appnp +Anpn∗n, (62d)
µe ≡ Bene +Ases∗, (62e)
µm ≡ Bmnm +Asms∗, (62f)
T ∗ ≡ Bss∗ +Asnnn +Aspnp +Asene +Asmnm.
(62g)
The superfluid chemical potentials and temperature in
the rest frame of the superfluids and entropy are given
by
µn = − uµnµnµ = γ(v2n)(Annnn +Apnnp) + Bnnn
+ γ(v2n)(1 − vµnvpµ)Anpn∗p
= γ(v2n)[µ
∗
n − v2nBnn∗n − vµnvpµAnpn∗p], (63a)
µp = − uµpµpµ = γ(v2p)(Appnp +Anpnn) + Bpnp
+ γ(v2p)(1 − vµp vnµ)Anpn∗n
= γ(v2p)[µ
∗
p − v2pBpn∗p − vµp vnµAnpn∗n], (63b)
T = − γ(w2)(uµ + wµ)Θµ
= Bss+ γ(w2)(Asnnn +Aspnp +Asene +Asmnm)
= γ(w2)[T ∗ − w2Bss∗]. (63c)
If all of the normal fluids comove, the same Lagrangian
displacement field ξµn = ξ
µ
p = ξ
µ
e = ξ
µ
m ≡ ξµr must be used
to describe their variations, and a single generalized force
f rµ acts on this combined normal fluid. This force is
f rµ = 2u
σ∇[σΠµ] +Πµ∇σuσ + uσµnσ∇µnn
+ uσπpσ∇µnp + uσπeσ∇µne + uσπmσ ∇µnm, (64)
where Πµ ≡ sTuµ + nnµnµ + npπpµ + neπeµ + nmπmµ is the
effective momentum for the normal fluid. In the absence
of heat conduction, the entropy will move with the same
four-velocity uµ as the normal fluids since the superfluids
carry no entropy. In that case, s = s∗, T = T ∗, ξµs = ξ
µ
r
and there is an entropy contribution to f rµ [17].
The coefficients Bx, Axy need to be calculated using
microphysics. Previously, relativistic entrainment coeffi-
cients have been computed using Landau Fermi liquid
theory [41, 42], though these references employ a dif-
ferent formulation of the hydrodynamics and their rel-
ativistic entrainment coefficients thus differ from the Bx,
Axy used here. We invert our definitions of the conju-
gate four-momenta and determine how these previously
calculated entrainment coefficients could be used in the
more symmetric hydrodynamics of this paper.
First, we assume qµ = 0, which is implied in Gusakov
et al. [41, 42]. Inverting µnµ and µ
p
µ to obtain equations
for the superfluid number currents and then adding to
these the equations for the normal fluid current of each
species gives
(nµn)total =
Bp
det(A)
µnµ −
Anp
det(A)
µpµ + nnu
µ
− B
p(Annnn +Apnnp)
det(A)
uµ
+
Anp(Anpnn +Appnp)
det(A)
uµ (65)
(nµp )total =
Bn
det(A)
µpµ −
Anp
det(A)
µnµ + npu
µ
− B
n(Anpnn +Appnp)
det(A)
uµ
+
Anp(Annnn +Apnnp)
det(A)
uµ (66)
where we have explicitly shown dependence on the Bx,
Axy, and where
A ≡
( Bn Anp
Anp Bp
)
. (67)
Gusakov et al. [41, 42] use as the total (normal plus
superfluid) baryon number currents
(nµn)total = [(nn)total − µnYnp − µpYnp]uµ
+ YnnQ
µ
n + YnpQ
µ
p (68)
(nµp )total = [(np)total − µpYpp − µnYnp]uµ
+ YppQ
µ
p + YnpQ
µ
n (69)
where the (symmetric, relativistic) entrainment matrix is
Y =
(
Ynn Ynp
Ynp Ypp
)
(70)
and the number densities and chemical potentials are
measured in the rest frame of the normal fluid. The
Qµx of the references are written in terms of superfluid
8“velocities” V µx (actually the conjugate four-momentum
divided by the chemical potential)
Qµx = µxV
µ
x = µ
x
νg
νµ, (71)
where recall that µx is measured in the rest frame of
the superfluid of species x. Comparing Eqs. (65)–(66)
and (68)–(69), it is obvious that
Ynn =
Bp
det(A)
, Ypp =
Bn
det(A)
, Ynp = Ypn =
−Anp
det(A)
,
(72)
which can be inverted to give
Bn = Ypp
det(Y)
, Bp = Ynn
det(Y)
, Anp = −Ynp
det(Y)
. (73)
The total baryon currents in our notation are thus
(nµn)total = = Ynnµ
µ
n + Ynpµ
µ
p
+
[
nn − Ynn(Annnn +Apnnp)
− Ynp(Anpnn +Appnp)
]
uµ, (74)
(nµp )total = Yppµ
µ
p + Ynpµ
µ
n
+
[
np − Ypp(Anpnn +Appnp)
− Ynp(Annnn +Apnnp)
]
uµ. (75)
Using Eqs. (63a) and (63b), we can rewrite Eqs. (74)
and (75) as
(nµn)total =
[
nn + n
∗
n − Ynnµ∗n − Ynpµ∗p
]
uµ
+ Ynnµ
µ
n + Ynpµ
µ
p , (76)
(nµp )total =
[
np + n
∗
p − Yppµ∗p − Ynpµ∗n
]
uµ
+ Yppµ
µ
p + Ynpµ
µ
n, (77)
which are nearly identical to Eq. (68) and (69) except
for including additional relativistic corrections due to the
relative motion between the normal and superfluid com-
ponents of each baryon species. The difference in the
species labels between normal and superfluid baryons on
the chemical potentials is not a concern since µx = µ
∗
x
should be true in chemical equilibrium i.e. in equilibrium,
the protons and neutrons should have no preference be-
tween the paired (superfluid) and unpaired (normal fluid)
phases.
While we have so far been as general as possible with
regards to the coefficientsAxy, simple physical arguments
allow us to reduce their number. Since the Axy parame-
terize the entrainment between the fluids, which is unaf-
fected by the superfluid or normal fluid phase, we expect
that Anp = Anp = Apn = Anp. There is no reason why
the normal and superfluid species of each fluid should be
entrained either, so Ann = 0 = App. We do not expect
that Bx = Bx, though, unless Asxs∗ = 0, since this would
prevent µx = µ
∗
x in equilibrium.
IV. DISSIPATION
A. Heat conduction
We begin our discussion of dissipation by determin-
ing the allowed form of the heat flux qµ introduced in
Eq. (60). Its form is found by enforcing the positive def-
initeness of the entropy generation Γs = ∇µsµ using a
standard procedure in relativistic dissipative hydrody-
namics (see e.g. [15, 22, 34, 35, 43–45]). Like Olson
and Hiscock [34], Priou [46] and Lopez-Monsalvo and
Andersson [35], we are careful to note that the “regu-
lar” Carter formulation of relativistic finite temperature
fluid dynamics, corresponding to setting the parameters
Asx = 0, is acausal, which is why we have included en-
tropy entrainment.
The most general way to obtain the form of the heat
flux is to start with the equation of motion for the entropy
current
2sσ∇[σΘµ] +Θµ∇σsσ = f sµ. (78)
Contraction with uµ and rearranging gives
T ∗∇σsσ = − q
σ
T ∗
[
∇σT ∗ + T ∗u˙σ + 2B
s
T ∗
uµ∇[µqσ]
+
(
B˙s − B
sT˙ ∗
T ∗
)
qσ
T ∗
]
− uµf sµ, (79)
where a˙ = uµ∇µa. The easiest way to enforce that the
entropy generation from heat conduction is positive def-
inite is to make
qµ = −κ ⊥µν
[
∇νT ∗ + T ∗u˙ν + 2B
s
T ∗
uσ∇[σqν]
+
(
B˙s − B
sT˙ ∗
T ∗
)
qν
T ∗
]
, (80)
which matches Lopez-Monsalvo and Andersson [35] and
gives the same entropy generation term due to heat con-
duction as Weinberg [43] up to the additional terms
which are higher-order in qµ. These terms are necessary
for causal heat conduction, since rearranging Eq. (80) fol-
lowing [35] gives a relativistic version of the Cattaneo–
Vernotte equation
th(q˙
µ + qν∇νuµ) + qµ = −κ˜ ⊥µν (∇νT ∗ + T ∗uν) , (81)
where th is a heat conduction timescale and κ˜ is a mod-
ified heat conductivity, which are given by
th =
Bs/T ∗
1 + κ ˙
(
Bs
T∗
) ≈ BsT ∗ , (82)
κ˜ =
κ
1 + κ ˙
(
Bs
T∗
) ≈ κ, (83)
9where the approximate forms are valid if we drop higher-
order terms in an expansion in the mean free collision
time. The entropy entrainment parameters which ap-
pear in the definition of T ∗ thus clearly affect th. Causal
heat conductivity is absent from the treatment of dissi-
pation in previous papers on relativistic multifluid neu-
tron stars [22, 24], which use the treatment of dissipation
in Weinberg [43].
The remaining term on the right-hand side of Eq. (79)
is due to the generalized force on the entropy current f sµ.
Using conservation of energy-momentum, we can rewrite
f sµ in terms of the generalized forces on the other fluids.
The viscous contributions to entropy generation will be
included in this manner by modifying the stress-energy
tensor and hence the generalized forces. We next discuss
the inclusion of mutual friction and vortex pinning forces
which act between the fluids and vortex line/flux tube
arrays, and then incorporate viscosity.
B. Mutual friction and vortex pinning
Mutual friction is a dissipative drag force acting on
vortex lines/flux tubes, and hence on their associated su-
perfluids, due to scattering off of the normal fluid. Vor-
tex pinning is an attractive force between neutron vortex
lines and proton flux tubes that, in different limits based
on the relative velocity between the two arrays, either
make them move together or acts as an additional drag
force. Both of these interactions are incorporated into
the hydrodynamics by adding additional forces between
the fluid constituents to the generalized forces fxµ , f
x
µ ap-
pearing on the right-hand side of Eq. (53–54). We follow
a relativistic version of the Hall–Vinen procedure [47] to
write the new equations of motion with these forces in-
cluded. Our procedure is similar to Andersson et al. [48],
but differs in the definitions of the fluid velocities so as to
be consistent with Section III, and also in our inclusion
of the vortex line self-tension, and later vortex pinning.
Consider a properly-normalized four-velocity for the
vortex lines/flux tubes within superfluid x, using sub-
script L to denote vortex lines/flux tubes
uµL,x = γ(β
2
x)(u
µ
x + β
µ
x ), γ(β
2
x) = (1− β2x)−1/2,
(84)
where β2x = β
µ
xβ
x
µ, β
µ
xu
x
µ = 0. β
µ
x is the relative (space-
like) four-velocity of the vortex lines of species x with
respect to the corresponding superfluid. Since the vor-
ticity moves with the vortex lines,
uµL,xw
x
µν = 0, (85)
and [49]
nµxw
x
µν = −nxβµxwxµν = fM,xν , (86)
where fM,xν is the Magnus force acting on the superfluid
x due to the relative motion between it and the vortex
lines/flux tubes within it. Note that for the supercon-
ducting proton fluid, the Lorentz force is included in this
definition of the Magnus force. In the absence of addi-
tional forces and assuming current conservation, Eq. (54)
and (86) say that the Magnus force on the superfluid is
balanced by a tension force due to the vortex lines/flux
tubes, which is represented by the second term on the
right-hand side of the equation. Due to this interpreta-
tion, we can use Eq. (54) as a force balance equation for
the superfluid of species x instead of its associated vor-
tex line/flux tube array. The force balance equation for
the array only differs from that for the superfluid by an
irrelevant overall minus sign.
The vortex lines/flux tubes would move along with
their associated superfluid if not for their scattering off of
the normal fluid (mutual friction) or due to pinning to the
vortex lines/flux tubes associated with the other super-
fluid (vortex pinning). We consider the mutual friction
first, and represent it in Eq. (55) and Eq. (53–54) through
equal but opposite contributions to fxµ and f
r
µ, the gen-
eralized force on the combined normal fluid. To lowest
order, this force should depend only on the relative ve-
locity between the normal fluid and the vortex lines/flux
tubes of species qµx , which we define analogously to An-
dersson et al. [48]
uµ = γ(q2x)(u
µ
L,x + q
µ
x), γ(q
2
x) = (1− q2x)−1/2, (87)
where uµL,xq
x
µ = 0, q
2
x = q
µ
xq
x
µ. So we modify the general-
ized force on superfluid x and the combined normal fluid
by setting
fxµ = f
mf,x
µ ≡ Rmf,xµν qνx, f rµ = fmf,rµ ≡ −
∑
x
Rmf,xµν qνx ,
(88)
where the Rmf,xµν projects out components of qνx either
along the direction tangent to the corresponding vor-
tex line/flux tube array or along the respective vortex
line/flux tube array velocity
Rmf,xµν ≡ Rmf,x
(
gµν + u
L,x
µ u
L,x
ν − tˆxµ tˆxν
)
, (89)
where tˆxµ is the average spacelike tangent vector to the
vortex lines/flux tube array. Rmf,x are dissipative coeffi-
cients parameterizing the mutual friction. Since these
additional forces cancel out in the right-hand side of
Eq. (55), the total stress-energy tensor is still conserved.
In this case the equation of motion for a superfluid be-
comes
Rmf,xµν qνx = nρxwxρµ + wxρµ∇νλρνx . (90)
We would like to remove references to the vortex line
velocity and qµx from Eq. (90) and rewrite it in the form of
Eq. (86). Equating the two forms uµL,x using Eq. (84,87)
gives
qµx = −
1
γˆx
vµx − γ˜xβµx +
(
1
γxγˆx
− γ˜x
)
uµx, (91)
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where γ˜x ≡ γ(β2x), γˆx ≡ γ(q2x), γx ≡ γ(v2x). To per-
form the necessary manipulations, it will be convenient
to rewrite the vorticity tensor in terms of the correspond-
ing “electric” and “magnetic” four-fields in the frame co-
moving with the vortex lines,
WE,xµ = u
ν
L,xw
x
µν = 0, W
µ
B,x =
1
2
εµνσρuL,xν w
x
σρ ≡Wµx ,
(92)
in terms of which we can write tˆxµ as
tˆxµ =W
x
µ /
√
W xσW
σ
x . (93)
We can of course invert Wµx to find
wxµν = −εµνσρuσL,xW ρx . (94)
Using Eqs. (90–91,94), we solve for vxµ,
vxµ =
1
ηx
εµνρβ
ν
xW
ρ
x −
γˆx
Rmf,xw
x
ρµ∇νλρνx
+
(
1
γx
− τx
)
uxµ − τxβxµ − (tˆxνuν)tˆxµ, (95)
where for simplicity we have defined,
εµνρ ≡ εσµνρuσx, ηx ≡
Rmf,x
γ˜xγˆxnx
, τx ≡ γ˜xγˆx. (96)
Contracting Eq. (95) with εληµW xη and then using the
same equation to replace εµνρβ
ν
xW
ρ
x gives
εληµW xη v
x
µ = − ηxτxvλx +
(
ηxτx
W 2x
(W νx uν)−
Wx,‖
ηx
)
Wλx
+
(
τx − 1
γx
+
W 2x,‖
ηx
)
uλx
+
1
ηx
(
W 2x,⊥ + η
2
xτ
2
x
)
βλx
+
γˆx
Rmf,x
(
ηxτxw
λ
xρ + ε
ληµW xη w
x
µρ
)∇νλρνx ,
(97)
where W 2x = w
x
µνw
νµ
x /2, and where we have used a split
of Wµx into components parallel and perpendicular to u
µ
x
Wµx =Wx,‖u
µ
x +W
µ
x,⊥, W
µ
x,⊥u
x
µ = 0. (98)
Contracting with ελσαW
σ
x again yields an equation from
which the Magnus force can be isolated:
fµM,x = (gµν)
−1 γ˜xnxηx
W 2x,⊥ + η
2
xτ
2
x
[
(vxσW
σ
x )W
x,⊥
ν + ηxτxενσρW
σ
x,⊥v
ρ
x −W 2x,⊥vxν − γxv2x(W 2x,⊥uxν +Wx,⊥W x,⊥ν )
− γˆxRmf,x
(
ηxτxενσρW
σwρxα +W
2
x,⊥w
x
να
)∇ηλαηx
]
. (99)
where we have replaced γ˜xnxεµνρW
ν
x β
ρ
x with f
M,x
µ and
where we have defined
g˜µν ≡ gµν − ηxτx
W 2x,⊥ + η
2
xτ
2
x
W 2x,⊥u
x
µ +Wx,‖W
x,⊥
µ
Rmf,x ∇ρλ
xρ
ν .
(100)
Note that Eq. (99) still depend on gamma factors that
are functions of β2x and q
2
x. If the relative velocities are
assumed to be small, these gamma factors can simply be
approximated to be unity. In general, it is theoretically
possible to solve for these gamma factors in terms of only
the normal fluid velocity uµ and the superfluid relative
velocities vµx , but we do not attempt such a calculation
here.
Vortex pinning can be incorporated by adding a force
which acts between the vortex line and flux tube arrays in
the neutron superfluid and proton superconductor. This
force should behave like a drag force for intermediate rel-
ative velocities between the two arrays and should force
the two arrays to move together for small relative veloci-
ties. The pinning force fpinµ acting on the neutron vortex
lines due to the proton vortex lines is incorporated into
the force balance equations on the two arrays as
fnµ = f
mf,n
µ + f
pin
µ , f
p
µ = f
mf,p
µ − fpinµ . (101)
Since fxµ are force densities, the force per unit length on
a vortex line/flux tube equals fxµ/Nx, where Nx is the
areal number density of vortex lines/flux tubes of species
x measured perpendicular to them (we give a relativis-
tic definition of Nx in Section VA). It is reasonable to
expect that the vortex pinning force should be propor-
tional to the product of Np and Nn, so the vortex pin-
ning force per unit length acting on a proton flux tube
will be proportional to Nn ∼ 2Ω/κn ∼ 104(Ω/10 s−1)
cm−2 where Ω is the angular rotational frequency of the
neutron star and κn is the circulation quantum. This
is much smaller than the number density of proton flux
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tubes Np ∼ B/Φp ∼ 5 × 1018(B/1012 G) cm−2 where B
is the magnetic field strength and Φp is the flux quan-
tum. κn and Φp are also defined in Section VA. For this
reason, the vortex pinning force acting on a single pro-
ton flux tube is negligible and often ignored. However,
as we are interested in force densities, we will retain the
pinning force acting on the proton flux tubes.
To lowest order, the vortex pinning force depends only
on the (average) relative velocity between the two vortex
line arrays contracted into an as yet undetermined rank
two tensor:
fpinµ ≡ Rpinµν bν , (102)
where bν is the (spacelike, average) relative velocity of
the proton vortex lines in the (average) neutron vortex
line rest frame defined such that
uµL,p = γ(b
2)(uµL,n + b
µ), γ(b2) = (1− b2)−1/2, (103)
where bµuL,nµ = 0 and b
2 = bµbµ. A reasonable nonrela-
tivistic version of vortex pinning drag force would point
in the direction defined by the cross product of the tan-
gent vectors to both arrays, and only the component of
the relative velocity between the two arrays that is in
this direction will contribute to a drag force. One possi-
ble relativistic generalization of this is
Rpinµν = −Rpinεασρ(µεν)βηλuαL,ntˆσn tˆρpuβL,ptˆηntˆλp . (104)
The coefficient Rpin should be a function of b =
√
bµbµ,
the relative orientation between the vortex line/flux tube
arrays or tˆµntˆ
p
µ, and should scale linearly with both Nn
and Np as discussed previously. The dependence on b
should be b−3/2 [50, 51], as this will give the correct be-
haviour for the pinning force: at large bµ, the vortex
pinning drag becomes insignificant compared to the mu-
tual friction drag, while for small bµ, the vortex lines
become pinned to the flux tubes [52]. The principal dis-
sipation mechanism in the drag regime of vortex pinning
is the excitation of kelvons, and in calculations like those
in [50, 51], the interactions exciting the kelvons were with
individual nuclei. However, in the core the pinning inter-
action is of course between lines of macroscopic extent,
so a modification of Rpin may be required when the finite
length of the lines are considered [53–55].
It should be noted that the pinning drag force would be
relevant only to a precessing neutron star with sufficiently
large precession amplitude. Even in that case, the drag
force estimated by Link [56] is large enough for pinning
to happen on rather short timescales of days to weeks.
Simple relative motion with energy stored in the Baym–
Chandler kinetic energy [57] would damp away almost
instantly.
The Magnus force acting on superfluid x can thus be
written as
fM,xµ = n
ρ
xw
x
ρµ = w
x
ρµ∇νλνρx +Rmf,xµν qνx ±Rpinµν bν . (105)
with ± corresponding to x = n/p. It should be possible
in principle to rewrite this equation in terms of only the
vorticity tensor or vector, the normal fluid velocity and
the superfluid relative velocities vµx in a manner similar
to what was done in Eq. (95–99). We do not attempt this
calculation here because of the unessential complication
it would add to this paper.
C. Bulk and shear viscosity
To incorporate viscosity into this variational formal-
ism, we follow Carter [15], the review of his work in An-
dersson and Comer [36] and the nonrelativistic general-
ization by Andersson and Comer [58], though we specify
to the fluids expected in a superfluid–superconducting
neutron star core. We also neglect chemical reactions
that convert between fluid species as we have implicitly
assumed current conservation for the separate species.
Introducing the (assumed symmetric) viscosity tensor
τµνΣ , where the label Σ is used to specify the origin of
the viscosity. The variation of the master function to
include viscosity takes the form (summing over Σ)
δΛvis =
1
2
κΣµνδτ
µν
Σ , κ
Σ
µν ≡ 2
∂Λ
∂τµνΣ
, (106)
where κΣµν is a strain tensor. The new form of Eqs. (12)
and (23), giving the new form of ∂Λ/∂gµν, is
∇µΛ =
∑
x
µxν∇µnνx −
1
8π
Kρν∇µFρν − 1
2
λρνx ∇µwxρν
+
1
2
κΣνρ∇µτνρΣ , (107)
∂Λ
∂gµν
=
1
2
(∑
x
µµxn
ν
x +
1
4π
KµρF νρ + λµρx wνxρ
+ κµΣρτ
ρν
Σ
)
, (108)
where we used
δτµνΣ = £ξτ
µν
Σ = ξ
ρ∇ρτµνΣ − 2τρ(µΣ ∇ρξν). (109)
The full variation of τµνΣ is, from Carter [15]
δτµνΣ = ξ
σ
Σ∇στµνΣ −2τσ(µΣ ∇σξν)Σ +τµνΣ ∇σξσΣ−
1
2
τµνΣ g
σρδgσρ,
(110)
so δL becomes
δL = ξµf rµ + ξµs f sµ +
∑
x
ξµxf
x
µ +
∑
Σ
ξµΣf
Σ
µ
+
1
2
(
T µν − 1
8π
(
Rµν − 1
2
Rgµν
))
δgµν , (111)
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where T µν , Ψ and fΣµ are given by
T µν =
∑
x
nµxµ
x
ρg
ρν +
1
4π
KµρF νρ +
∑
x
λµρx w
ν
xρ
+
∑
Σ
κµΣρτ
ρν
Σ +Ψg
µν , (112)
Ψ = Λ−
∑
x
µxρn
ρ
x −
1
2
∑
Σ
τρσΣ κ
Σ
ρσ, (113)
fΣµ = κ
Σ
µν∇ρτρνΣ + τνρΣ
(
∇νκΣµρ −
1
2
∇µκΣνρ
)
, (114)
ξµ is the common displacement field for the normal fluid
and f rµ = f
n
µ + f
p
µ + f
e
µ + f
m
µ .
We now look at the uµf sµ term in Eq. (79). Conserva-
tion of energy-momentum implies
f sµ = −f rµ −
∑
x
fxµ −
∑
Σ
fΣµ , (115)
so contracting with uµ and then using
uµf rµ =
∑
x
γ(q2x)Rmf,xµν qµxqνx, (116)
uµxf
x
µ = u
µ
xw
x
σµ∇νλσνx
→ uµfxµ = − vµxfxµ −
1
n∗x
fM,xσ ∇νλσνx , (117)
Eq. (79) becomes
T ∗∇σsσ = 1
κT ∗
⊥µν qµqν +
∑
x
[
γ(q2x)Rmf,xµν qµxqνx
+
1
n∗x
fM,xµ ∇νλνµx − vµxfxµ
]
+
∑
Σ
uµfΣµ .
(118)
The second law of thermodynamics requires that ∇σsσ ≥
0, which is most easily satisfied if each term on the right
hand side of Eq. (118) is individually greater than or
equal to zero.
Define four-vectors
uµΣ = γ(v
2
Σ)(u
µ + vµΣ), γ(v
2
Σ) = (1 − v2Σ)−1/2, (119)
where uµvΣµ = 0 and v
2
Σ = v
µ
Σv
Σ
µ , such that
τµνΣ u
Σ
ν = 0, κ
Σ
µνu
ν
Σ = 0. (120)
That is, the viscosity tensor and the strain tensor are
both purely spacelike in the frame moving with uµΣ, and
the viscous and strain tensors have been constrained to
have only six independent components. The entropy gen-
eration equation can be rewritten as
T ∗∇σsσ = 1
κT ∗
⊥µν qµqν +
∑
x
[
γ(q2x)Rmf,xµν qµxqνx
+
1
n∗x
fM,xµ ∇νλνµx − vµxfxµ
]
−
∑
Σ
[
vµΣf
Σ
µ +
1
2γ(v2Σ)
τµνΣ £uΣκ
Σ
µν
]
. (121)
where vµs = w
µ and
τµνΣ £uΣκ
Σ
µν = −2uµΣfΣµ
= τµνΣ
(
uρΣ∇ρκΣµν + 2κΣρ(µ∇ν)uρΣ
)
. (122)
Analogously to Carter [15], introduce linear combina-
tions of the vµx and v
µ
s = w
µ such that∑
a=x,s
ςaΣv
µ
a = v
µ
Σ,
∑
a
ςaΣ = 1, (123)
so the terms depending on the forces can be combined
using
f˜aµ ≡ faµ +
∑
Σ
ςaΣf
Σ
µ ≡ −
∑
b=s,x
Rabµνvνb , (124)
where Rabµν is a positive-definitive symmetric resistivity
tensor. This tensor must be symmetric by the Onsager
reciprocal relations. This procedure assumes that there
are no other dynamical velocities in the problem than
vµp , v
µ
p and w
µ. There will also be a contribution to the
viscosity from the normal fluid∑
a=x,s
ςavµa = 0, (125)
corresponding to uµΣ = u
µ. To make the viscosity term
look more like a standard entropy generation equation,
we use
κΣµν = ⊥Σµν= gµν + uΣµuΣν , (126a)
fΣµ = ∇ρτρΣµ, (126b)
τµνΣ = − ηµνρσΣ £uΣκΣρσ, (126c)
ηµνρσΣ = ηΣ ⊥µ(ρΣ ⊥σ)νΣ +
(
ζΣ
2
− ηΣ
3
)
⊥µνΣ ⊥ρσΣ , (126d)
where ηΣ and ζΣ are (dynamic) shear and bulk viscosity
coefficients, respectively. This form ensures that the en-
tropy generation is positive definite. We do not include
the higher-order corrections discussed in Carter [15] and
hence assume that the we only have viscosity linear in the
fluid velocities. The viscous tensor can also be rewritten
as
τµνΣ = − 2ηΣ
(
∇(µuν)Σ + u(µΣ u˙ν)Σ −
1
3
⊥µνΣ ∇σuσΣ
)
− ζΣ ⊥µνΣ ∇σuσΣ
= − ηΣ ⊥µαΣ ⊥νβΣ WΣαβ − ζΣ ⊥µνΣ ∇σuσΣ, (127)
where u˙µΣ = u
ρ
Σ∇ρuµΣ and WΣµν = ∇µuΣν + ∇νuΣµ −
2/3gµν∇σuσΣ is the shear tensor. Eq. (121) becomes
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T ∗∇σsσ = 1
κT ∗
⊥µν qµqν +
∑
x
[
γ(q2x)Rmf,xµν qµxqνx +
1
n∗x
fM,xµ ∇νλνµx
]
+
∑
a,b=s,x
Rabµνvµavνb
+
∑
Σ
1
γ(v2Σ)
[
ηΣ
2
(
(∇µuΣν +∇νuΣµ )(∇µuνΣ +∇νuµΣ)−
4
3
(∇µuµΣ)2
)
+ ηΣu˙
Σ
µ u˙
µ
Σ + ζΣ(∇µuµΣ)2
]
. (128)
In the case of the shear and bulk viscosity of the nor-
mal fluid, uµΣ = u
µ, γ(v2Σ) = 1. We also expect a bulk
viscosity term from the superfluids [19, 20, 22]. The
most general form of the viscosity contribution to the en-
tropy generation (the second line on the right-hand side
of Eq. (128)) should thus be of the form
[T ∗∇σsσ]visc. =
ηr
2
(
(∇µuν +∇νuµ)(∇µuν +∇νuµ)− 4
3
(∇σuσ)2
)
+ ηru˙µu˙
µ + ζr(∇σuσ)2
+
1
γ(v2n)
ζn(∇σuσn)2 +
1
γ(v2p)
ζp(∇σuσp )2 +
1
γ(v2np)
ζnp(∇σ[γ(v2np)(uσ + vσn/2 + vσp /2)])2, (129)
where the subscript r is used to specify the viscosity co-
efficients for the normal fluid. We included all reasonable
combinations of vµn and v
µ
p in v
µ
Σ i.e. v
µ
Σ ∈ {vµn , vµp , vµnp =
1/2(vµn + v
µ
p )}. The choice of a vµΣ which includes con-
tributions from both relative superfluid velocities is re-
quired to make our formulation agree with previous ver-
sions of superfluid hydrodynamics viscosity as discussed
below.
Comparing Eq. (129) to the relativistic version of the
Landau–Khalatnikov superfluid viscosity [19, 20], our for-
mulation has only four distinct bulk viscosity coefficients
compared to six in Gusakov [22]. However, the last four
terms of Eq. (129) can be expanded into six terms which
are all proportional to the product of the divergences of
two of uµ, vµn or v
µ
p . We can then identify the coeffi-
cients of these six terms, themselves sums of ζr, ζn, ζp
and ζnp, as six bulk viscosity coefficients, analogously but
not identical to those of Gusakov [22] due to the different
representation of the fluid degrees of freedom. In a real-
istic neutron star core, with the superconducting protons
comoving with the normal fluid due to electrostatic at-
traction, vµp = 0 and the coefficients ζp and ζnp do not
contribute to entropy generation, leaving only relevant
two bulk viscosity coefficients ζr and ζn.
The different viscosity coefficients are, in principle,
possible to calculate from microphysics. The shear vis-
cosity will have contributions from lepton-lepton, lepton-
proton [39] and proton-mediated lepton-neutron scatter-
ing [40]. The bulk viscosity in both the normal fluid and
neutron superfluid is due to modified and direct Urca pro-
cesses [22, 59, 60]. Superfluidity generally increases the
shear viscosity of the normal fluid and lowers the bulk
viscosity.
V. VORTEX LINE/FLUX TUBE
CONTRIBUTION AND THE MAGNETIC FIELD
PROBLEM
A remaining question is how to interpret and compute
the tensors Kµν and λµνx , and to determine if they can be
written in terms of Fµν and wµνx . Since it is impossible to
account for the dynamics of individual vortex lines and
flux tubes in a macroscopic fluid dynamics, the vortic-
ity tensors wxµν and the electromagnetic field tensor F
µν
should be considered as macroscopic averaged quantities.
The electromagnetic field tensor Fµν should somehow de-
pend on the wxµν , since assuming type–II proton super-
conductivity, the magnetic field inside the star is largely
confined to proton flux tubes, plus neutron vortex lines
that are magnetized through superfluid entrainment.
We first consider this problem at the mesoscopic scale
of individual or small numbers of vortex lines and flux
tubes. By averaging over a large number of flux tubes in
the mesoscopic theory, we find an averaged mesoscopic
stress-energy tensor, which is then matched term-by-term
to the completely macroscopic stress-energy tensor de-
rived in Section II B. This allow us to find an macroscopic
“effective” theory in the form of the electromagnetic and
vorticity-dependent contribution to the master function
ΛEM+V, which fixes the forms of Kµν and λµνx . We match
to the stress-energy tensor as opposed to simply the mas-
ter function because the former also contains information
about the partial derivatives of the latter. A summary of
this calculation is presented in the main text, reserving
the full calculation for Appendix B.
This section is concluded by discussing the relation of
these quantities to the electromagnetic displacement ten-
sor Hµν , which we show is distinct from Kµν . We com-
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pare the resulting electromagnetism to previous studies
of superconducting neutron star cores with flux tubes
and magnetized vortex lines. Finally, we discuss how to
compute the magnetic field in a superconducting neutron
star core given an electric current density, and the form
of the Lorentz force in the total equation of motion for
the charged fluids.
A. Mesoscopic stress-energy tensor, averaging
procedure and effective theory
We postulate the following Lorentz-invariant splitting
of the (macroscopic) master function Λ as a function of
the contractions of Fµν and wµµx :
Λ = Λ0 + ΛEM+V(XF , Xn, Xp, Yn, Yp, Z) (130)
where the scalars of which ΛEM+V is a function are de-
fined as
XF =
1
4
FµνFµν , Xn =
1
4
wµνn w
n
µν ,
Xp =
1
4
wµνp w
p
µν , Yn =
1
2
Fµνwnµν ,
Yp =
1
2
Fµνwpµν , Z =
1
2
wµνn w
p
µν .
Λ0 is the contribution to the master function from the
four-currents alone, while ΛEM+V contains all contribu-
tions from flux tubes/vortex lines and electromagnetic
fields. ΛEM+V will also contain functional dependence
on contractions of the superfluid/superconducting four-
currents, since the flux tube/vortex line energies will de-
pend on number densities through dependence on the
London length Λ∗ and coherence lengths ξx, but we have
assumed that there are no terms involving contractions
between the number currents and the tensors Fµν and
wµµx . According to Eq. (17,22) Kµν and λµνx will then
take the forms
Kµν ≡ − 4π
(
∂ΛEM+V
∂XF
Fµν +
∂ΛEM+V
∂Yp
wµνp
+
∂ΛEM+V
∂Yn
wµνn
)
(131)
λµνp ≡ −
∂ΛEM+V
∂Xp
wµνp −
∂ΛEM+V
∂Z
wµνn −
∂ΛEM+V
∂Yp
Fµν ,
(132)
λµνn ≡ −
∂ΛEM+V
∂Xn
wµνn −
∂ΛEM+V
∂Z
wµνp −
∂ΛEM+V
∂Yn
Fµν .
(133)
The goal of the mesoscopic averaging procedure is to de-
termine what ΛEM+V and its partial derivatives are.
We define the mesoscopic scale ℓ such that there are
many vortex lines and flux tubes within an area ℓ2. ℓ
obeys the following hierarchy of length scales:
ℓg ≫ ℓ≫ dn ≫ dp > Λ∗ > ξp, ξn. (134)
ℓg is some characteristic length scale of the spacetime
curvature, dn and dp are the spacings between neutron
vortex lines/proton flux tubes, Λ∗ ≡ (4πe2Ypp)−1/2 is
the London length, and ξn/ξp are the neutron vortex
line/proton flux tube coherence lengths. We assume that
physical properties like nx, µx, Yxy, etc. are uniform over
mesoscopic scales.
The system we consider is a simple configuration of
two vortex line/flux tubes arrays, one for each super-
fluid/superconducting species. The vortex line array re-
sults from the rotation of the star, while the flux tube
array is a result of a combination of a remnant magnetic
field and field generation mechanisms early in the neutron
star’s life [61]. We consider only the strong type-II limit
of the superconducting protons i.e. Hpc1 . H ≪ Hpc2,
where is H is the macroscopic average magnetic field and
where Hpc1 and H
p
c2 are the proton type–II superconduc-
tivity critical fields. Strong vortex pinning due to the sig-
nificant outnumbering of neutron vortex lines by proton
flux tubes could modify this simple model by distorting
the vortex line lattice, but we ignore vortex pinning here.
We also ignore mutual friction, heat conduction (includ-
ing “entropy entrainment” Asx) and viscosity as a first
approximation.
Denoting with a tilde a mesoscopic quantity, we take
as the mesoscopic master function Λ˜ = Λ˜(n˜2x, α˜
2
xy) −
F˜ ρσF˜ρσ/16π, using the microscopic electromagnetic field
Lagrangian in place of arbitrary dependence of Λ˜ on F˜µν .
Following the same procedure used to derive the stress-
energy tensor in Section II B, the mesoscopic stress-
energy tensor is
T˜ µν =
∑
x
n˜µxµ˜
ν
x +
1
4π
F˜µρF˜ νρ
+
(
Λ˜(n˜2x, α˜
2
xy)−
1
16π
F˜ ρσF˜ρσ −
∑
x
n˜ρxµ˜
x
ρ
)
gµν .
(135)
This result combines the stress-energy tensors of a perfect
multifluid plus that of vacuum electromagnetism. We
also have the equations of motion
2n˜µx∇[µπ˜xν] = 0, (136)
∇νF˜µν = 4πj˜µe = 4πe(n˜µp + n˜µp − n˜µe − n˜µm), (137)
plus the Bianchi identity for F˜µν . π˜xν is defined as in
Eq. (41). In this case, we used Eq. (30) for all of the
currents in deriving their equations of motion, not just
for the normal fluids.
The averaging procedure first splits the number cur-
rents into large-scale and small-scale contributions. The
latter represent currents around vortex lines and flux
tubes and hence source the magnetic field associated with
flux tubes and magnetized vortex lines. The mesoscopic
stress-energy tensor is then averaged over an area ∼ ℓ2
perpendicular to the vortex line/flux tube array in a pro-
cedure similar to [30] and Appendix E of [23], allowing us
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to replace the sum over vortex lines/flux tubes with mul-
tiplication by the relevant areal number density Nx. This
averaged mesoscopic stress-energy tensor is then com-
pared to the macroscopic stress-energy tensor to deter-
mine the macroscopic effective master function ΛEM+V
and its partial derivatives.
We relegating most of the details of the calculation
to Appendix B, but discuss the averaging procedure for
the electromagnetic field and vorticity here. The canoni-
cal four momenta for the superfluid neutrons and super-
conducting protons, and hence the vorticity tensors, are
quantized ∮
πxµdx
µ =
∫
wxµνdS
µν = hNx, (138)
where Nx ∈ Z and the generalized Stokes’ theorem [62]
was used. Recall that in Section IVB we defined a vor-
ticity vector
Wαx ≡
1
2
εαβµνuL,xβ w
x
µν , (139)
where uL,xβ is the average four-velocity of the vortex
lines/flux tubes of species x. Since we are ignoring mu-
tual friction and vortex pinning in the averaging calcu-
lation, to lowest order the vortex lines/flux tubes co-
move with their corresponding fluids i.e. uL,pµ = u
p
µ
and uL,nµ = u
n
µ. This assumption is equivalent to as-
suming that the vortex lines are straight and uniformly
distributed, since we are ignoring the vortex line self-
tension force in Eq. (54). Since we will find a general
expression for the λµνx that does not necessarily corre-
spond to zero vortex line self-tension force, this force can
be considered a first-order correction to the equations of
motion. Over length scales ℓ much larger than the sep-
aration of the vortex lines/flux tubes, the quantization
condition allows us to write Wαx as
Wαx = Nxκxµ∗xtˆαx = NxΦpetˆαx . (140)
κx = h/(2µ
∗
x) is the relativistic generalization of the
quantum of circulation with a factor of 2 because the
superfluid neutrons/superconducting protons will form
Cooper pairs, Φp = h/(2e) is the flux quantum associ-
ated with a proton flux tube, tˆαx is the average spatial
tangent vector to the vortex lines/flux tubes defined in
Eq. (93), and Nx is the areal number density of vortex
lines/flux tubes in the spatial plane perpendicular to tˆαx .
Nx is Lorentz-invariant and defined by
Nx ≡ 1
κxµ∗x
√
WµxW
x
µ =
1
κxµ∗x
√
1
2
wµνx w
x
µν . (141)
We expect contributions to ΛEM+V that will be pro-
portional to the Nx times an energy per unit length.
The electromagnetic field contributions due to flux
tubes/magnetized vortex lines should also be linearly
proportional to Nx. The separations between proton flux
tubes/neutron vortex lines dp/dn are defined by Np/Nn
through
Nx = 2√
3d2x
, (142)
assuming equilateral triangular lattices.
Because of entrainment, the neutron vortex lines will
become magnetized. This is made apparent by combin-
ing the vorticity tensors wpµν and w
n
µν in a way to elimi-
nate the superfluid neutron current, which itself does not
source a magnetic field. In our formulation, this corre-
sponds to eliminating vµn . We thus add the two tensors
in such a way as to give
Fµν = F
L
µν +
1
e
wpµν +
Ynp
eYpp
wnµν , (143)
where FLµν is the London electromagnetic field tensor. If
we can ignore derivatives of µx, nx and the coefficients
Bx, Axy, it takes the form
FLµν ≈ −
2
e
(
µ∗p +
Ynp
Ypp
µ∗n
)
∂[µuν] −
2n∗p
eYpp
∂[µv
p
ν], (144)
where vµn has canceled out as expected. In the general
case where the gradients of µx, nx, Bx, Axy cannot be
ignored, this will not be true.
Based on Eq. (143), we split the mesoscopic electro-
magnetic field tensor F˜µν into
F˜µν = F˜µνL + F˜
µν
p + F˜
µν
n , (145)
with the right-hand side terms corresponding to the Lon-
don field, proton flux tube field and magnetized neutron
vortex line field, respectively. FµνL is a large-scale quan-
tity and is the same when averaged i.e. 〈F˜µνL 〉 = FµνL .
The average of the second and third terms on the right-
hand side of Eq. (145) can be identified with the second
and third terms on the right-hand side of Eq. (143) i.e.
〈F˜µνp 〉 = wµνp /e, 〈F˜µνn 〉 = Ynpwµνn /(Yppe). The inverta-
bility of Eq. (139) thus says that 〈F˜µνx 〉 ∝ NxΦx as ex-
pected. Note that Φn = YnpΦp/Ypp, so 〈F˜µνn 〉 → 0 when
the entrainment is zero (Ynp = 0) as required. Finally,
since 〈F˜µνx 〉 ∝ wµνx , we enforce
uL,xµ F˜
µν
x = 0, (146)
that is, there is no electric field due to the flux
tube/magnetized vortex lines in their respective rest
frame.
After performing the averaging procedure on the meso-
scopic stress-energy tensor, we obtain the following aver-
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aged mesoscopic stress-energy tensor
〈T˜ µν〉 =
( ∑
x=e,m,s
nxµx +
∑
x=n,p
Bxn2x + 2Anpnnnp
)
uµuν
+
∑
x
Bxn2xuµxuνx + 2Anpnnnpu(µn uν)p
+ 2Anp
(
nnnpu
(µu
ν)
p + npnnu
(µu
ν)
n
)
+
(
Λ˜0 +
∑
x
nxµx
)
gµν
+
1
4π
(
FµρL F
ν
Lρ −
1
4
F σρL F
L
σρg
µν
)
+
∑
x
Φx
2πeΦp
(
w
(µ
x ρF
ν)ρ
L −
1
4
wσρx F
L
σρg
µν
)
+
∑
x
Ev,x
Nx(Φpe)2
(
wµρx w
ν
xρ −
1
2
wσρx w
x
σρg
µν
)
+
∑
x
1
32π2NxΛ2∗e2
wµρx w
ν
xρ, (147)
where Λ˜0 only includes dependence on the large-scale cur-
rent densities, and we have defined the energy per unit
length per flux tube/vortex line
Ev,p ≡
Φ2p
16π2Λ2∗
ln
(
1.12Λ∗
ξp
)
(148)
Ev,n ≡ π~
2
8Bn ln
(
0.0712
Nnξ2n
)
+
Φ2n
16π2Λ2∗
ln
(
1.12Λ∗
ξn
)
.
(149)
We ignore condensation energy in the Ev,x, which is much
smaller than the other contributions. Since wµνx ∝ Nx,
the final two terms in Eq. (147) are proportional to the
areal density of vortex lines/flux tubes as expected.
Eq. (147) is then matched to Eq. (51). The aver-
aged mesoscopic-macroscopic stress energy tensor match-
ing procedure is described in full detail in Appendix B 3.
The resulting ΛEM+V is
ΛEM+V = −
FµνL F
L
µν
16π
−
∑
x
(
NxEv,x + Φx
8πeΦp
FµνL w
x
µν
)
,
(150)
or in terms of the scalars XF , Xx, Yx and Z and using
FµρL F
L
µρ = 4XF +
4
e2
Xp +
4Y 2np
e2Y 2pp
Xn − 4
e
Yp − 4Ynp
eYpp
Yn
+
4Ynp
e2Ypp
Z, (151)
plus Eq. (141,143), we can write
ΛEM+V = − 1
4π
XF +
1
4πe2
Xp +
Y 2np
4πe2Y 2pp
Xn
+
Ynp
4πe2Ypp
Z −
∑
x
√
2Xx
Φpe
Ev,x. (152)
In the matching procedure, we dropped the final term
in Eq. (147). This is certainly legitimate in the strong
type-II limit where the kinetic energy associated with flux
tubes ≈ Ev,x is much larger than the flux tube/vortex
line magnetic field energy per unit length Φ2x/(32π
2Λ2∗).
If this term is not removed, there would be an inconsis-
tency between (a) the ΛEM+V found by comparing the
terms proportional to the metric in Eq. (147) to those
in Eq. (51), and (b) the partial derivatives of ΛEM+V
found by comparing the rest of the terms in Eq. (147)
and Eq. (51). For consistency we also must ignore the
derivative of Ev,n with respect to Xn ∝ N 2n , which is
justified since
∣∣∣∣Nn ∂Ev,nNn
∣∣∣∣ = π~28Bn ≪ Ev,n ∼ π~
2
4Bn ln
(
dn
ξn
)
(153)
since dn ≫ ξn. That some terms in either the averaged
mesoscopic stress-energy tensor or the partial derivatives
of ΛEM+V must be ignored to obtain a consistent ΛEM+V
is not unexpected, as there was no guarantee that an ex-
act macroscopic effective action could be found to repro-
duce the averaged mesoscopic action and stress-energy
tensor. That this procedure works so well suggests that
we could simply use the averaging method as a moti-
vation for an effective theory, for which we would use
Eq. (150) as the macroscopic master function, and then
use this to derive the macroscopic stress-energy tensor.
We note that Eq. (150) differs from the expression for
the vortex line-flux tube-electromagnetic energy density
obtained in [29, 30] by its inclusion of terms coupling the
London field and electromagnetic fields associated with
the flux tubes/vortex lines. Such terms were eliminated
in the references by the “rotation energy cancellation
lemma”. We do not remove these terms for two reasons.
First, the rotation energy cancellation lemma requires in-
tegrating by parts and dropping a boundary term that
we are not sure actually vanishes. This boundary term
is identically zero in the zero entrainment or fully pinned
uµL,n = u
µ
L,p = u
µ
p limits as long as Eq. (146) is true,
but is not necessarily zero otherwise. Secondly, while
the rotation energy cancellation lemma can be applied
to those terms in the mesoscopic stress-energy tensor in
which the indices on FµνL and the flux tube/vortex line
electromagnetic field tensor F xµν are fully contracted, it
does not work on terms like FµρL F
ν
xρ. As the energy den-
sity is frame dependent, the rotation energy cancellation
lemma is not guaranteed to work in all frames, in partic-
ular in the case of multiple fluids with different velocities.
As the final result of this section, we calculate Kµν and
the λµνx . Using Eq. (152) and the argument in Eq. (153),
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Eq. (131–133) gives
Kµν = Fµν , (154)
λµνp =
Ev,p
NpΦ2pe2
wµνp −
1
4πe2
(
wµνp +
Ynp
Ypp
wµνn
)
, (155)
λµνn =
Ev,n
NnΦ2pe2
wµνn −
Ynp
4πe2Ypp
(
wµνp +
Ynp
Ypp
wµνn
)
.
(156)
B. Magnetic H-field and Maxwell equations in a
neutron star
There is disagreement in the literature about what the
electromagnetic displacement field tensor Hµν , or equiv-
alently the magnetic H-field (and electric displacement
field D if we were concerned about electric fields) is in-
side a superconducting neutron star core. One of the
early studies of neutron star MHD by Mendell [63] found
H = B. This result was rejected by later studies, the first
of which appears to be Carter and Langlois [17], who ar-
gued that H = BL. This result has been the standard
since then [24, 28, 29]. However, H = BL disagrees with
the accepted value for a type–II superconductor in the
condensed matter literature: in the nonrotating case it
suggests H = 0, while in the low flux tube density limit
the standard electronic superconductivity result is [64]
H = Hpc1 where H
p
c1 is the first critical field for proton su-
perconductivity. We clarify this disagreement below, and
further discuss its implications for the Maxwell equations
inside a neutron star.
According to [65], the thermodynamic definition of the
magnetic H-field is
H = 4π
∂u
∂B
∣∣∣∣
s,ni
, (157)
for internal energy density u, average magnetic field B,
entropy density s, and number density ni. In our formu-
lation, the analog to the internal energy density is the
master function Λ, and the analog to the entropy and
number densities are the currents nµx, including the en-
tropy current sµ. This means that the electromagnetic
displacement tensor Hµν , whose components in the fluid
rest frame are the electric displacement field D and mag-
netic H-field, is not equal to the electromagnetic auxil-
iary tensor defined in Eq. (17), but is instead defined via
the variation
Hµν = − 8π ∂Λ
∂Fµν
∣∣∣∣
nµx
= − 8π
[
∂Λ
∂Fµν
∣∣∣∣
nµx ,wxµν
+
∑
x
∂Λ
∂wxµν
∣∣∣∣
nµx ,Fµν
∂wxµν
∂Fµν
∣∣∣∣∣
nµx
]
= Kµν + 4πeλµνp . (158)
Hµν can then be related to Fµν by defining a
magnetization-polarization tensorMµν and writing
Fµν = Hµν + 4πMµν . (159)
Thus the magnetization-polarization tensor is Mµν =
−eλµνp . We believe the subtle distinction between Kµν
(which has often been called Hµν) and Hµν as defined
in Eq. (158), to be the source of disagreement between
neutron star MHD and condensed matter superconduc-
tivity literature regarding the magnetic H-field in a
type–II proton superconducting neutron star. Based on
Eq. (154–155), Hµν is
Hµν = Hpc1wˆµνp + FµνL . (160)
where the first critical field for proton superconductivity
is
Hpc1 ≡
4πEv,p
Φp
, (161)
and wˆµνp ≡ wµνp /(NpΦpe). Eq. (160) agrees with the
standard condensed matter result which ignores rotation
and hence does not include a London field.
The distinction between Kµν and Hµν as we define
them here has implications on the interpretation of the
Maxwell equations. The variation of the Lagrangian with
respect to Aµ in Section II B gives Eq. (47), which by
Eq. (154) gives as the sourced Maxwell equations
∇νFµν = 4πjµe . (162)
This has the same form as the microscopic sourced
Maxwell equations, and appears to suggest that H = B
is correct, though Kµν 6= Hµν as already discussed. For
straight vortex lines/flux tubee arrays of uniform density,
∇νwµνx = 0, so ignoring corrections due to curvature of
the lines and variations in Nx Eq. (162) becomes
∇νFµνL ≈ 4πjµe . (163)
This appears (technically incorrectly) to suggest that
H = BL, and agrees with the Maxwell equations in [17,
28]. Using Eq. (144) and working in the zero tempera-
ture approximation such that n∗p = Yppµ
∗
p + Ynpµ
∗
n [41],
Eq. (163) then implies
nµe + n
µ
m − nµp ≈ nµp + Λ2∗∂ν
(
∂µnνp − ∂µnνp
)
≈ nµp (1 + L−2Λ2∗), (164)
where L is the hydrodynamic length scale ∼ 105 cm.
Since Λ∗ ∼ 10−12 cm, the right-hand side of Eq. (163)
is very close to nµp . So to a very good approximation,
jµe = 0 inside a neutron star core, a conclusion drawn
by Jones [66] and which is a consequence of the proton
superconductivity. Whatever approximation is made on
the left-hand side of Eq. (162), the equation tells us how
to compute the gradient of Fµν given an electric current
density.
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We conclude our discussion on electromagnetism in the
presence of vortex lines and flux tubes by finding the
Lorentz force acting on the charged fluids. Using λµνp =
(Hµν − Fµν)/(4πe) and Eq. (53–54), the combined force
acting on the charged fluids x ∈ {p, p, e,m} is∑
x=p,p,e,m
fxµ =
∑
x=p,p,e,m
2nνx∇[νµxµ] + 2∇[νµpµ]∇ρλνρp
+
1
4π
Fνµ∇ρHνρ. (165)
This can be clearly separated into three parts: the sum of
the relativistic Euler equation for each fluid, the flux tube
self-tension force where the electromagnetic field contri-
bution is subtracted from the vorticity tensor, and the
Lorentz force. The last of these has the standard rela-
tivistic form in a magnetizable medium and reduces to
(∇×H)×B/4π nonrelativistically.
VI. CONCLUSION
This article has extended the elegant convective varia-
tional principle first developed by Carter to a finite tem-
perature, multifluid system including neutron superfluid-
ity and proton superconductivity that is appropriate for
use in studying the fluid dynamics of neutron star cores.
The hydrodynamics includes the proton flux tubes and
magnetized neutron vortex lines, with mutual friction
and vortex pinning incorporated covariantly. Viscosity
and heat conduction are also included in the equations
of the motion to further extend the scope of the hydrody-
namics in a way that agrees with different formulations
based on Landau–Khalatnikov hydrodynamics. This for-
mulation has a few practical advantages compared to
other versions of neutron star hydrodynamics, notably
being fully relativistic and using the distinct fluid species
as degrees of freedom. One advantage of this is that it
allows sources of buoyancy among the different fluids to
emerge naturally.
The averaging procedure used to determine the form
of the macroscopic action from the mesoscopic theory
allowed us to find an approximate effective macroscopic
theory, but not an exact term-by-term match. In particu-
lar, we were forced to ignore certain terms in the averaged
mesoscopic stress-energy tensor, and to drop subdomi-
nant terms in partial derivatives of the electromagnetism-
vorticity master function ΛEM+V, to obtain a consistent
macroscopic effective theory. This may not have been
necessary had we gave more careful consideration to, for
example, magnetic interactions between flux tubes or be-
tween vortex lines, which could provide additional pres-
sure terms orthogonal to the flux tube/vortex line ar-
rays and help to remove the terms in the last line of
Eq. (147). Unlike previous attempts at obtaining vortex
energy contributions starting from a mesoscopic theory,
we did not make use of the “rotation energy cancellation
lemma”, finding that this was inappropriate for certain
terms in the mesoscopic stress-energy tensor, and thus
its use would have led to further inconsistencies between
the averaged mesoscopic stress-energy tensor 〈T˜ µν〉 and
ΛEM+V, whose partial derivatives are used to construct
〈T˜ µν〉. We find that frame dependence of the energy den-
sity invalidates the lemma when entrainment is included
unless the vortex line and flux tube arrays are forced to
move together.
Based on the effective macroscopic theory found by av-
eraging the mesoscopic theory, we have also clarified an
interpretational issue regarding the magnetic field in a
type-II superconducting neutron star core, arguing that
the field interpreted as H in most previous works is
not in fact the physical H field defined thermodynam-
ically by Eq. (157). Instead, when ignoring rotation the
correct H-field is that found in the condensed matter
literature; that is, the first critical field Hc1 for pro-
ton superconductivity in the low flux tube density limit.
The Maxwell equations found using the effective macro-
scopic theory are the same as the microscopic Maxwell
equations, though to a good approximation the sourced
equation reduces to depending only on the London field.
This provides some justification for why previous authors
foundH = B andH = BL in neutron star core MHD. We
are also able to combine the charged fluid equations of
motions into a single equation and show that the Lorentz
force is the relativistic analog of (∇×H)×B/4π. These
modifications to neutron star MHD could have implica-
tions on our understanding of the neutron star magnetic
field and phenomena such as pulsar glitches.
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Appendix A: Alternative form of stress-energy
tensor
Starting from Eq. (112), insert the forms of nµx, µ
x
ν ,
sµ and Θν as given in Section IVA and κ
Σ
µν as given by
Eq. (126a) to obtain
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T µν = (nnµn + npµp + neµe + nmµm + n
∗
nµ
∗
n + n
∗
pµ
∗
p + s
∗T ∗)uµuν +Ψgµν + 2u(µqν) + 2n∗nµ
∗
nu
(µv
ν)
n + 2n
∗
pµ
∗
pu
(µv
ν)
p
+ 2Anpn∗nn∗pv(µn vν)p +
Bs
T ∗
qµqν + Bn(n∗n)2vµnvνn + Bp(n∗p)2vµp vνp +
1
4π
KµρF νρ +
∑
x
λµρx w
ν
xρ +
∑
Σ
τµνΣ
= (Ψ− Λ)uµuν +Ψgµν +
(Bs
T ∗
qµqν + 2u(µqν)
)
+
1
4π
KµρF νρ +
∑
x=n,p
λµρx w
ν
xρ +
∑
Σ
τµνΣ
+
([
Bnn∗nvµn +Anpn∗pvµp
]
n∗nv
ν
n + 2µ
∗
nu
(µn∗nv
ν)
n
)
+
([
Bpn∗pvµp +Anpn∗nvµn
]
n∗pv
ν
p + 2µ
∗
pu
(µn∗pv
ν)
p
)
+
(Bs
T ∗
q2 + Bn(n∗n)2v2n + Bp(n∗p)2v2p + 2Anpn∗nn∗pvρnvpρ
)
uµuν . (A1)
The first term proportional to uµuν is found by rewriting
Ψ, given by Eq. (113), as
Ψ = Λ + nnµn + npµp + neµe + nmµm + nnµn + npµp
+ s∗T ∗ − B
s
T ∗
q2 − 1
2
∑
Σ
τρΣρ. (A2)
Note that, according to Eq. (127), τµνΣ is traceless, so
the final term in Eq. (A2) is zero. The similarity of this
form of T µν to that of a single perfect fluid [43] is now
evident; this form is effectively the same as that for such
a fluid, plus electromagnetism, vorticity and viscosity,
with differences depending on the relative motion of heat
and the superfluids separated out.
Appendix B: Full details of mesoscopic stress-energy
tensor and averaging procedure
We continue from the main text immediately follow-
ing the introduction of the mesoscopic Lagrangian and
stress-energy tensor Eq. (135). On the mesoscopic scale,
currents around vortex lines/flux tubes are represented
within the currents n˜µx, not by using the vorticity tensors
wµνx as is the case in the macroscopic dynamics. We in-
corporate these purely “mesoscale” currents δvµx by defin-
ing n˜µx as
n˜µx ≡ n˜xγ(δv2x)(uµx + δvµx), x = n, p, (B1)
where uµx is defined as in Eq. (57). n˜
µ
x satisfies the nor-
malization condition −n˜µxn˜xµ = n˜2x, since uµxδvxµ = 0 as
a result of the approximation that the vortex lines/flux
tubes move with their respective superfluid. We enforce
that the δvµx average to zero over scales larger than the
typical cross-section of a vortex line/flux tube, and that
any large-scale average part of a relative velocity between
the normal fluid and superfluids is included in uµx. n˜x is
the number density of species x measured in the frame
comoving with the total current of that species, and it
is related to the number density nx in the frame of the
bulk flow (the frame of uµx) by
nx = −uµxn˜xµ = n˜xγ(δv2x). (B2)
We first expand out the terms in Eq. (135), removing
any dependence on the vortex line/flux tube mesoscale
currents from the master function Λ˜ and replace it with
Λ˜0, which represents only the internal energy of the fluid
and the kinetic energy of macroscopic currents. Follow-
ing [30], we write
Λ˜(n˜2x, α˜
2
xy) = Λ˜0(n
2
x, α
2
xy)
+
∑
x,y
(
∂Λ˜0
∂n2x
d(n2x) +
∂Λ˜0
∂α2xy
d(α2xy)
)
(B3)
where the “0” subscript denotes the master function with
the δvµx removed, and where
d(n2x) = n˜
2
x − n2x =
{
−n2xδv2x, x = n, p,
0, otherwise,
d(α2xy) = α˜
2
xy − α2xy = −n˜σxn˜yσ + nσxnyσ
=


npnnv
σ
nδv
n
σ , x = n, y = p,
nnnnv
σ
nδv
n
σ , x = n, y = n,
nnnpv
σ
p δv
p
σ, x = p, y = n,
npnpv
σ
p δv
p
σ, x = p, y = p,
nnnp
[
γ(v2n)(v
σ
p − vσn)δvpσ
+γ(v2p)(v
σ
n − vσp )δvnσ
−δvnσδvσp
]
, x = n, y = p,
0, otherwise,
where uµδvxµ = −vµxδvxµ was used. For the normal flu-
ids, n˜µx simply equals n
µ
x, since the normal fluid cur-
rents are unchanged by the inclusion of the mesoscale
currents. We have kept only terms that are order δv2x in
the mesoscopic-scale velocities.
The partial derivatives of Λ˜0 in Eq. (B3) are identi-
fied with the entrainment coefficients as defined in the
macroscopic theory (Eq. (6)). We use the physical argu-
ments presented at the end of Section III to reduce the
number of entrainment coefficients i.e. Ann = 0 = App,
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Anp = Anp = Apn = Anp. Hence Λ˜(n˜2x, α˜2xy) becomes
Λ˜(n˜2x, α˜
2
xy) = Λ˜0 +
1
2
Bnn2nδv2n +
1
2
Bpn2pδv2p
−Anp [npnnvσnδvnσ + nnnpvσp δvpσ
+ nnnp
(
γ(v2n)(v
σ
p − vσn)δvpσ
+γ(v2p)(v
σ
n − vσp )δvnσ − δvnσδvσp
)]
.
(B4)
It is also convenient to define a mesoscale superfluid
neutron canonical momentum covector
δπnµ ≡ Bnnnδvnµ +Anpnpδvpµ, (B5)
which is simply the part of µ˜nµ that depends on the
mesoscale velocities δvxµ. Note that, because the neutron
superfluid is not coupled to the electromagnetic field, we
could also have called δπnµ simply δµ
n
µ. The definition of
δπnµ will simply some terms of the stress-energy tensor
immensely by canceling terms which couple δvnµ and δv
p
µ.
Combining these definitions and results with Eq. (72)
and Eq. (61a–62g), the mesoscopic stress-energy tensor
resulting from Eq. (B3) is
T˜ µν =
( ∑
x=e,m,s
nxµx +
∑
x=n,p
Bxn2x + 2Anpnnnp
)
uµuν
+
∑
x
Bxn2xuµxuνx + 2Anpnnnpu(µn uν)p
+ 2Anp
(
nnnpu
(µu
ν)
p + npnpu
(µu
ν)
n
)
+
1
Bn δπ
µ
nδπ
ν
n +
1
Ypp
n2pδv
µ
p δv
ν
p
+
2
Bnµ
(µ
n δπ
ν)
n − 2eA(µL δvν)p
+
(
Λ˜0 +
∑
x
nxµx − 1
2Bn δπ
2
n −
1
2Ypp
n2pδv
2
p
)
gµν
+
1
4π
(
F˜µρF˜ νρ −
1
4
F˜ σρF˜σρg
µν
)
. (B6)
We have used Eq. (61a–62g) plus the definition of the
London four-potential
ALµ ≡ −
1
e
[(
µ∗p +
Ynp
Ypp
µ∗n
)
uµ +
n∗p
Ypp
vµp
]
, (B7)
in writing T˜ µν this way. The non-electromagnetic part
of this stress-energy tensor has been separated into three
parts: those which only depend on large-scale flows, those
which depend on mixed large-scale–mesoscale flows, and
those which only depend on mesoscale flows. We now
want to make this separation for the electromagnetic part
of T˜ µν, and also to determine the form of the mesoscale
superconducting proton velocity δvµp and the mesoscale
superfluid neutron canonical momentum δπnµ .
1. Mesoscopic treatment of vortex lines, flux tubes
and magnetic fields
We first calculate δπnµ . In its rest frame, the canonical
3-momenta for a single quantized vortex line will have
the following form [28]
δpix =
~
2̟
eˆϕ, (B8)
where ̟ and ϕ are the cylindrical radius and azimuthal
angle in a coordinate system in which the vortex line lies
along the z-axis. For a single vortex line labeled a, this
is expressed in covariant form as
δπx,aµ =
~
2̟2x,a
εµναβu
ν
L,xtˆ
α
x,a̟
β
x,a, (B9)
where ̟βx,a points radially outward from the vortex
line/flux tube and tˆαx,a is the unit tangent vector to the
vortex line/flux tube. This form is also consistent with
Eq. (138–140) and the definition of wxµν , since for a single
vortex line/flux tube in its rest frame we have [67]
εσαµνuL,xσ ∇µδπx,aν =
h
2
δ2(̟x,a)tˆ
α
x,a, (B10)
where δ2(̟a) is a delta function at the position of the
vortex line labeled “a”. So whenever δπnµ appears in
Eq. (B6), it is replaced with a sum of Eq. (B9) over the
line labels a and with uL,xσ = u
x
σ since we work in the
approximation that that the vortex lines move with the
superfluid.
Next, the form of the electromagnetic tensor and δvµp .
We use the splitting Eq. (145) for F˜µν . Along with the
split of F˜µν in Eq. (145), we split the Maxwell equation
Eq. (137) into large-scale and mesoscale parts, with the
mesoscale proton current ∝ δvµp sourcing the mesoscale
fields and the other parts of the current sourcing the
large-scale field (the London field). Using Eq. (56,57,B1)
and assuming local charge neutrality
∇νF˜µνL = 4πen∗pvµp , ∇ν(F˜µνp + F˜µνn ) = 4πenpδvµp .
(B11)
We can also split the four-potential A˜µ into large-scale
and mesoscale contributions ALµ and δAµ = δA
p
µ + δA
n
µ
respectively where F˜ xµν = 2∇[µδAxν]. Then, defining a
mesoscale canonical momentum covector for the protons
analogously to Eq. (B5)
δπpµ ≡ Bpnpδvpµ +Anpnnδvnµ + eδAµ, (B12)
and combining it with Eq. (B5) to eliminate δvnµ , we ob-
tain
1
Ypp
npδv
p
µ + eδAµ = δπ
p
µ +
Ynp
Ypp
δπnµ , (B13)
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or, eliminating δvpµ with Eq. (B11) and using Φp = h/(2e)
and Φn = YnpΦp/Ypp and Λ∗ = (4πe
2Ypp)
−1/2,
∑
x
(
∇νF˜µνx −
1
Λ2∗
δAxµ
)
=
2
hΛ2∗
∑
x
Φxδπ
x
µ. (B14)
Eq. (B13) is used to obtain the London equation for
proton flux tubes or magnetized neutron vortex lines. We
will assume that the magnetic fields due to the flux tubes
or magnetized vortex lines will have negligible overlap,
and so we can fix x to be either p or n and drop the
other contribution to Eq. (B14). As a consequence of
Eq. (146) with uL,xµ = u
x
µ, we have
F˜µνx = −εµναβuxαδBxβ , (B15)
where δBxµ is the magnetic field due to the flux
tubes/vortex lines measured in their rest frame. Then
contracting with ερσηµuxσ∇η, ignoring spatial curvature
(which is a very good approximation for microscopic
structures like vortex lines and flux tubes), assuming the
flux tubes/vortex lines move with their respective super-
fluid and using Eq. (B10), we obtain
∇2δBµx −
δBµx
Λ2∗
= −Φx
Λ2∗
∑
a
tˆµx,aδ
2(̟x,a). (B16)
This is the London equation in the comoving frame,
whose solutions are the magnetic fields for flux
tubes/magnetized vortex lines. ∇2 is the usual flat space
Laplacian, and Λ∗ is the London length. The right-hand
side of the equation is a sum over flux tubes/magnetized
vortex lines labeled by index a and represented as two-
dimensional delta functions. The solutions in the comov-
ing frame for single flux tubes/magnetized vortex lines
take the familiar form [30]
δBµx,a = tˆ
µ
x,a
ΦxK0(̟x,a/Λ∗)
2πΛ2∗x
x
0K1(x
x
0 )
≡ δBx,a(̟x,a)tˆµx,a, (B17)
where xx0 ≡ ξx/Λ∗. Flux in the core of the flux
tubes/vortex lines, included in e.g. [30], is ignored here.
Using Eq. (B15,B17), the mesoscale electromagnetic
field tensors are
F˜ xµν = −
∑
a
εµναβu
α
xδB
β
x,a. (B18)
Hence we can replace δvµp in Eq. (B6) using the
mesoscale Maxwell equation Eq. (B11) with the gradi-
ent of Eq. (B18).
2. Averaging the mesoscopic stress-energy tensor
We now average the mesoscopic stress-energy tensor,
Eq. (B6). As noted before, the non-electromagnetic part
of this equation consists of purely large-scale flow terms,
purely mesoscale flow terms, and mixed terms. Because
we specified that 〈δvµp 〉 = 0 and because AµL averages
to itself over volumes ∼ ℓ3 i.e. 〈AµL〉 = AµL, the term
averages to zero. Though δπnµ does not average to zero,
we will absorb any effect of the large scale-small scale
superfluid neutron momentum term ∝ µ(µn δπν)n in T˜ µν
into the purely small-scale superfluid neutron momentum
terms using a cutoff length. We can thus treat 〈δπnµ〉 =
0 and so the ∝ µ(µn δπν)n term vanishes upon averaging.
The purely large-scale flow terms, which include (Λ˜0 +∑
x nxµx)g
µν , do not change upon averaging, and have
exact matches in the macroscopic stress-energy tensor.
The remaining terms– the purely mesoscale terms plus
all of the electromagnetic terms– we label ∆T˜ µν:
∆T˜ µν =
1
Bn
[
δπµnδπ
ν
n −
1
2
δπ2ng
µν
]
+
n2p
Ypp
[
δvµp δv
ν
p −
1
2
δv2pg
µν
]
+
1
4π
[
F˜µρp F˜
ν
pρ + F˜
µρ
n F˜
ν
nρ + F˜
µρ
L F˜
ν
Lρ
+ 2F˜
(µ
pρF˜
ν)ρ
L + 2F˜
(µ
n ρF˜
ν)ρ
L + 2F˜
(µ
p ρF˜
ν)ρ
n
]
− g
µν
16π
[
F˜ σρp F˜
p
σρ + F˜
σρ
n F˜
n
σρ + F˜
σρ
L F˜
L
σρ
+ 2F˜ σρp F˜
L
σρ + 2F˜
σρ
b
F˜Lσρ + 2F˜
σρ
p F˜
n
σρ
]
.
(B19)
We now integrate Eq. (B19) over a surface of size ∼
ℓ2, then replace the quantities in the mesoscopic stress-
energy tensor with averaged quantities. First we consider
T˜ µνpi ≡
1
Bn
[
δπνnδπ
ν
n −
1
2
δπ2ng
µν
]
. (B20)
δπµˆn is replaced by a sum over individual vortex lines. For
this purpose, we rewrite Eq. (B8) as
δπµˆn,a =
~
2̟n,a
(− sinϕn,aζˆµx,a + cosϕn,aηˆµx,a) (B21)
where ϕn,a is an azimuthal angle measured around a vor-
tex line labeled a and ζˆµn,a and ζˆ
µ
n,a are mutually orthogo-
nal unit vectors which are also orthogonal to both uµn and
tˆµn,a. When integrating over a surface area ∼ ℓ2 in the
plane perpendicular to the average vortex line tangent
vector tˆµx = 〈tˆµx,a〉, the sum over different vortex lines is
replaced with a multiplication by the areal density of vor-
tex lines Nn. We also replace the other vectors with their
average values over the area of integration ζˆµn = 〈ζˆµn,a〉,
ηˆµn = 〈ηˆµn,a〉. This means we only need to consider the
integral for a single vortex line, integrating radially from
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the coherence length (since we’re ignoring the core) to a
cutoff radius rcutn :
〈T˜ µνpi 〉 = Nn
~
2
4Bn
∫ 2pi
0
dϕn
∫ rcutn
ξn
d̟n
̟n
×
(
sin2 ϕnζˆ
µ
n ζˆ
ν
n + cos
2 ϕnηˆ
µ
nηˆ
ν
n
− 2 sinϕn cosϕnζˆ(µn ηˆν)n −
1
2
gµν
)
= Nn π~
2
8Bn ln
(
rcutn
ξn
)(
ζˆµn ζˆ
ν
n + ηˆ
µ
n ηˆ
ν
n − gµν
)
.
(B22)
The neutron vortex line cutoff radius rcutn accounts for the
long-range nature of the vortex lines and incorporates the
effect of interactions between them. 〈T˜ µνpi 〉 thus absorbs
the ∝ δπ(µn µν)n terms in Eq. (B6) that we argued average
to zero earlier. Based on Tkachenko [68] and Sonin [69],
we expect rcutn ≈ 0.0712(ξnNn)−1. Additionally we have
gµν = −uµxuνx + ζˆµx ζˆνx + ηˆµx ηˆνx + tˆµx tˆνx, (B23)
so we can write
〈T˜ µνpi 〉 = Nn
π~2
8Bn ln
(
0.0712
Nnξ2n
)(
uµnu
ν
n − tˆµntˆνn
)
, (B24)
Eq. (B24) has the general form of the stress-energy tensor
for a single string along tˆµn [70].
Next consider
T˜ µνv ≡
n2p
Ypp
[
δvµp δv
ν
p −
1
2
δv2pg
µν
]
. (B25)
At this point, we neglect the interactions between differ-
ent flux tubes/vortex lines and consider only their self-
energy contributions. This allows us to simplify in our
averaging integral and again integrate only over a surface
locally perpendicular to the flux lines/vortex tubes, then
multiply by the relevant areal number density Nx. Using
Eq. (137,B15) and ignoring spatial curvature, we find an
integral very similar to Eq. (B22)
〈T˜ µνv 〉 =
∑
x
NxΦ2x
16π3Λ4∗
∫ 2pi
0
dϕx
∫ rcutx
ξx
d̟x̟xK
2
1 (̟x/Λ∗)
[xx0K1(x
x
0 )]
2
×
(
sin2 ϕxζˆ
µ
x ζˆ
ν
x + cos
2 ϕxηˆ
µ
x ηˆ
ν
x
− 2 sinϕx cosϕxζˆ(µx ηˆν)x −
1
2
gµν
)
=
∑
x
NxΦ2x
16π2Λ2∗
ln
(
0.681Λ∗
ξx
)
×
(
ζˆµx ζˆ
ν
x + ηˆ
µ
x ηˆ
ν
x − gµν
)
. (B26)
where we used the definition of the London length and
an identical coordinate system as was used to compute
〈T µˆνˆpi 〉. We use the large cutoff radius rcutx →∞ limit and
used the approximation
K0(x
x
0)K2(x
x
0)
K21 (x
x
0)
− 1 ≈ 2
[
ln
(
1
xx0
)
− 0.384
]
, xx0 ≪ 1.
(B27)
Now we consider the electromagnetic field tensor terms
in the mesoscopic stress-energy tensor. As we have previ-
ously discussed, the overlap between the magnetic fields
due to different flux tubes and magnetized vortex lines is
negligibly small, and hence we force the F˜pF˜n terms in
Eq. (B19) to vanish upon averaging. The London field
is the same before and after averaging, and so the F˜ 2L
terms are unchanged by averaging other than removing
the tilde. Because the London field is unchanged upon
averaging, the F˜LF˜p terms become
1
2π
〈
F˜
(µ
p ρF˜
ν)ρ
L −
1
4
F˜ σρp F˜
L
σρg
µν
〉
=
1
2π
[
〈F˜ (µp ρ〉F ν)ρL −
1
4
〈F˜ σρp 〉FLσρgµν
]
=
1
2πe
[
w
(µ
p ρF
ν)ρ
L −
1
4
wσρp F
L
σρg
µν
]
(B28)
where we identify 〈F˜µνp 〉 = wµνp /e as argued using
Eq. (143). An analogous expression is found for the
F˜LF˜p terms except with additional entrainment coeffi-
cients since 〈F˜µνn 〉 = Ynpwµνn /(eYpp).
The final terms to average in ∆T˜ µν are
T˜ µˆνˆB,x =
1
4π
[
F˜µρx F˜
ν
xρ −
1
4
F˜ σρx F˜
x
σρg
µν
]
. (B29)
Using Eq. (B15) and again ignoring interactions between
different flux tubes and vortex lines, we can compute the
average of T˜ µˆνˆB analogously to Eq. (B22,B26), giving
〈T˜ µνB,x〉 =
∑
x
NxΦ2x
16π3Λ4∗
∫ 2pi
0
dϕx
∫ rcutx
ξx
d̟x̟xK
2
0(̟x/Λ∗)
[xx0K1(x
x
0 )]
2
×
(
uµxu
ν
x +
1
2
gµν − tˆµˆx tˆνx
)
=
∑
x
NxΦ2x
16π2Λ2∗
(
uµxu
ν
x +
1
2
gµν − tˆµx tˆνx
)
, (B30)
where we used the approximation K20 (x
x
0 )/K
2
1(x
x
0 ) ≈ 0
for xx0 ≪ 1.
Using Eq. (139,140,B23) we can rewrite the following
contractions of tensors as
wρσx w
x
ρσ = 2W
σ
xW
x
σ = 2(NxΦpe)2 = 4Xx, (B31)
wµρx w
ν
xρ = (g
µν + uµxu
ν
x)W
σ
xW
x
σ −WµxW νx
= (NxΦpe)2
[
gµν + uµxu
ν
x − tˆµx tˆνx
]
= (NxΦpe)2
[
ζˆµx ζˆ
ν
x + ηˆ
µ
x ηˆ
ν
x
]
. (B32)
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Replacing terms in Eq. (B19) with their respective aver-
ages and using Eq. (B32), we finally obtain
〈T˜ µν〉 =
( ∑
x=e,m,s
nxµx +
∑
x=n,p
Bxn2x + 2Anpnnnp
)
uµuν
+
∑
x
Bxn2xuµxuνx + 2Anpnnnpu(µn uν)p
+ 2Anp
(
nnnpu
(µu
ν)
p + npnpu
(µu
ν)
n
)
+
(
Λ˜0 +
∑
x
nxµx
)
gµν
+
1
4π
(
FµρL F
ν
Lρ −
1
4
F σρL F
L
σρg
µν
)
+
∑
x
Φx
2πeΦp
(
w
(µ
x ρF
ν)ρ
L −
1
4
wσρx F
L
σρg
µν
)
+
∑
x
Ev,x
Nx(Φpe)2
(
wµρx w
ν
xρ −
1
2
wσρx w
x
σρg
µν
)
+
∑
x
1
32π2NxΛ2∗e2
wµρx w
ν
xρ, (B33)
which is Eq. (147) in the main text, and where the Ev,x
are defined in Eq. (148–149).
3. Matching to the macroscopic stress-energy
tensor
We now match the macroscopic stress-energy tensor as
found in Eq. (51) with the averaged mesoscopic stress-
energy tensor Eq. (B33). To begin, we need to expand
out the
∑
x n
µ
xµ
ν
x and
∑
x n
ρ
xµ
x
ρ terms using the defini-
tions of the currents and conjugate momenta from Sec-
tion III. This gives
T µν =
( ∑
x=e,m,s
nxµx +
∑
x=n,p
Bxn2x + 2Anpnnnp
)
uµuν
+
∑
x
Bxn2xuµxuνx + 2Anpnnnpu(µn uν)p
+ 2Anp
(
nnnpu
(µu
ν)
p + npnpu
(µu
ν)
n
)
+
1
4π
KµρF νρ +
∑
x
λµρx w
ν
xρ +
(
Λ +
∑
x
nxµx
)
gµν .
(B34)
We see that the macroscopic current terms in Eq. (B34)
and Eq. (B33) match, so we now focus on matching the
remaining terms.
We postulate the Lorentz-invariant form of the macro-
scopic master function Λ as in Eq. (130) and identify
Λ0 = Λ˜0. Using Eq. (130–133) in Eq. (B34) and then
substituting Fµν using Eq. (143) gives
∆T µν = ΛEM+Vg
µν − ∂ΛEM+V
∂XF
FµρL F
ν
Lρ −
[
1
e2
∂ΛEM+V
∂XF
+
2
e
∂ΛEM+V
∂Yp
+
∂ΛEM+V
∂Xp
]
wµρp w
ν
pρ
−
[
Y 2np
e2Y 2pp
∂ΛEM+V
∂XF
+
2Ynp
eYpp
∂ΛEM+V
∂Yn
+
∂ΛEM+V
∂Xn
]
wµρn w
ν
nρ
+ 2
[
1
e
∂ΛEM+V
∂XF
+
∂ΛEM+V
∂Yp
]
F
ρ(µ
L w
ν)
pρ + 2
[
Ynp
eYpp
∂ΛEM+V
∂XF
+
∂ΛEM+V
∂Yn
]
F
ρ(µ
L w
ν)
nρ
+ 2
[
Ynp
e2Ypp
∂ΛEM+V
∂XF
+
Ynp
eYpp
∂ΛEM+V
∂Yp
+
1
e
∂ΛEM+V
∂Yn
+
∂ΛEM+V
∂Z
]
w
ρ(µ
p w
ν)
nρ, (B35)
where ∆T µν is defined to only include those terms in
the macroscopic stress-energy tensor which do not have
an exact matching term in the mesoscopic stress-energy
tensor, but including all of the electromagnetic terms.
We can now match terms by comparing Eq. (B35) to
〈∆T˜ µν〉 (the last four lines of Eq. (B33)). First, matching
the London magnetic field squared terms requires
∂ΛEM+V
∂XF
= − 1
4π
. (B36)
Matching to the London field–flux tube/vortex line field
cross terms and using Eq. (B36), we require
∂ΛEM+V
∂Yp
= 0 =
∂ΛEM+V
∂Yn
. (B37)
The flux tube/vortex line cross term in Eq. (B35) are zero
as a result of our ignoring their interactions in the aver-
aged mesoscopic theory. In accordance with Eq. (B36–
B37), this requires
∂ΛEM+V
∂Z
=
Ynp
4πe2Ypp
. (B38)
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Matching to terms proportional to wµρx w
ν
xρ gives
∂ΛEM+V
∂Xp
=
1
4πe2
− 1Np(Φpe)2
(
Ev,p +
Φ2p
32π2Λ2∗
)
,
(B39)
∂ΛEM+V
∂Xn
=
Y 2np
Y 2pp
[
1
4πe2
− 1Nn(Φne)2
(
Ev,n + Φ
2
n
32π2Λ2∗
)]
.
(B40)
Matching terms proportional to gµν gives the same
ΛEM+V as Eq. (150). Rewriting this in terms of the
scalars XF , Xx, Yx, Z and taking the partial derivatives
of ΛEM+V with respect to each scalar, we obtain the
same results as in Eq. (B36–B38). However, we do not
completely recover Eq. (B39–B40) and miss additional
vortex line/flux tube magnetic field energy contributions
∝ Φ2x/(32π2Λ2∗) (in fact, one-half the magnetic field en-
ergy per unit length). In the strong type-II superconduc-
tivity limit, the missing terms would be irrelevant and so
both ways to find ΛEM+V would be consistent. We drop
them regardless of the physical limit, which is equivalent
to dropping the last line in Eq. (B33). We also gain an
extra term in Eq. (B40) because of the Nx-dependence
of the vortex line energy cutoff radius in Ev,n. This con-
tribution is argued to be small in Eq. (153).
That we cannot obtain a completely consistent macro-
scopic master function and stress-energy tensor from av-
eraging the mesoscopic theory is not entirely surprising,
as we had no reason to believe this was possible before
we began. We can at least have an approximate effec-
tive macroscopic theory by using the ΛEM+V found by
matching terms proportional to gµν between the averaged
mesoscopic and macroscopic theories and then ignoring
terms in the stress-energy tensor inconsistent with this–
fortunately there are only two such terms, and in the
strong type-II superconductivity limit and for dn ≫ ξn
both terms are negligible.
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